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ESTIMATION OF VARIANCE FROM MISSING DATA
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ABSTRACT

Any large scale survey may be prone to nonresponse problems. No exact formulation of the nature of nonresponse in surveys
is available. So, several methods of handling nonresponse problems are proposed by survey statisticians. In this paper, the
problems of estimation of population total and its variance have been studied in the presence of nonresponse. The proposed
methodology is based on the assumption that the set of respondents (comprises response sample) is a Poisson sample el ected
by nature. The proposed method is more general than the method proposed by Sarndal (1992) since one can use auxiliary
information in estimating the unknown response probabilities. The proposed estimators are compared with Sérndal ‘s (1992)
estimator using smilar simulation studies as prescribed by Sérndal (1992). The simulation results reveal that the proposed
estimators performs better than the usua estimator of variance.
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RESUME

N’importe quelle enquéte a grande échelle peut étre sujette aux problémes de non réponse. Aucune formulation exacte de la
nature de la non réponse pour I’ éude n’est disponible. Ainsi, des statisticiens ont proposé plusieurs méthodes pour traiter
ces problemes de non réponse dans une éude. Dans cette présentation, les problémes d’estimation de la taille de la
population et de sa variance ont été éudiés en présence de non réponse. La méthodologie proposée est fondée sur
I” hypothése que I’ ensemble de répondants (composé de I’ échantillon ayant répondu) est un échantillon aléatoire de Poisson.
La méthode proposée est plus générale que la méthode proposée par Sarndal (1992) puisqu’ on peut utiliser de I'information
auxiliaire en estimant les probabilités de réponse inconnues. Les estimateurs proposés sont comparés aux estimateurs
semblables de Sarndal en utilisant des éudes de smulations similaires a celles décrites par Sarndal (1992). Les résultats de

simulations indiquent que la méthode proposée performe mieux que les concurrents existants.

MOTS CLE : Poisson, estimation de lavariance, model de superpopulation, non-réponse, probabilités dinclusion.

1. INTRODUCTION

In amost al large scale surveys, non-responses are
inevitable. Several methods for handling nonresponse
problems in sample surveys are available in the
literature. Good details are given by Rubin (1987).
Sérndal (1992) developed a method of estimation of the
population total and its variance when a single
imputation is used for estimating unobserved values
under the superpopulation model described below. Let
U={2..N} be a finite population of N identifiable
units and y; be the value of the variate under study for
the ith unit of the population U. It is assumed that the
vector y =(Y;,.,Y;, Yy)iS a random sample from a

superpopulation &£ having the following
distribution: Ez(y;) = A%, Ve(yi)=0%x9  and
Ce(yinyj)=0 fori#j,i,j=1.,N where Eg, Ve and
Cgs denote respectively expectat’ion, variance and
covariance operator with respect to the mode ¢&;

,6,02(> 0) andg(>0) are unknown model parameters,
and X, (>0) is the value of the auxiliary variable for the

ith unit. The objective is to estimate the finite population
tota Y= Yy; on the basis of a sample s, of size n,
ieU
selected with probability p(s) according to a sampling
design p. Let zj and 7zj; be the inclusion probabilities
for the ith, and ith and jth (i=j) unit of U. Let
S, (C s) be the set of respondent units of size m from
which responses Y, ’s are observed and the complement

ss (of size n-m) be the set of nonresponse units. Let
yjforje s—s, be the imputed value of the jth unit

computed according to a certain rule depending on the

superpopulation model & (for details, see Sarndal

(1992)).Let t= Zwiy; bean unbiased estimator used for
lIeS

estimating Y in case of 100% response (i.e. m = n)

where wi's are suitably chosen weights independent of
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yi's. In the presence of nonresponse (m<n), Sérndal
(1992) modified the estimator t as t = > w; yjo Where

e

Denoting E, (V) and E; (V;) as expectation (variance)
with respect to the sampling design p and response
mechanism respectively, Sérndal (1992) derived the
overall variance of { as

Vig =E:E E (-Y)°

=E.V, ©)+E,V, E()+2E.E [(t-Y{E{ -1)|s}]

y, fories,
¥y, fories-s,

Yio

where Vp(f) = Ep(f - Y)?= variance of { with respect
to the sampling design p. Vg = Eg{(f—t)z |s,r}. Now

writing  EpE;V(f)=Vimp =imputation variance and
assuming Eng[(t—Y){Eg(f—t)|s}J is close to zero,
Sérndal (1992) derived an approximate expression for

Viat 88

VtOt Evsam +Vil'T'p (11)

Consider the situation where an SRSWOR sample s of
size nis selected and m the size of the response sample
s, then under the following superpopulation model

E:(yi))=0 V.f(yi)zo-z and

Ce(yinyj)=0 fori=| (1.2)

the unobserved values of y;'s may be imputed by using

9i=,3=)7r=_2yi/m for ie
ies

Yio =i for ie s andyjg =¥, forie ss, . Sérndal (1992)

proposed an estimator for the population total Y as

ies—s

~ N _
tor=— T ¥io=Ny; (1.3
Nies
He proposed the estimator for variance of tp; as
~ 1 1 ~
Vit =N Z(E - ﬁjs)zfr =Vio1 (say) (14
where
2 _ 532
(M-DSy = Z(yi —¥r)
ies
For the super population model
Es(vi)=/% ., Ve(yi)=02x and Cg(yj,yj)=0 (15

Séarndal (1992) used:

=

yj for ies;

Bx; for ies-s;
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with B= Yy, / £x and proposed an estimator for Y
ies /ies
under SRSWOR as
top =N g 2
*r (1.6)
where
iszzxivir :in and Y, :Zyi .
ies ies, ies,
Sérndal (1992) estimated the variance of t,, by
\702 =\75am(2)+\7imp(2) (1.7)
~ 1 1 “
where Vigm(2)= N Z[H - NJ{S§°5 +Co62 }
5 2(1 13, .2 2 - )2
Vin‘p(z)z N (———)Clo' ) Syos=(n_1)_Z(Yi -Vs0),
n N ies
Yso = XVio/n,
IES
. ~ 2 i
52 = Z(yi —Bxi) /[(m—l){xIr (1—cv>2(Ir /m)H,
ies
_ . 2 _ N
CVyr =Syr [Xr , (M=D S = (X —Xr)
ies
2
XX X X LXK
(n-DCo= X _lesr | liesr ies
ies-r XX N XX and
iesy ies

Cq = XsXs_r 1%

Finally, in order to compare the relative efficiency of the
proposed estimator f02 , Sérndal (1992) conducted a
Monte Carlo study with 100, 000 repeated response sets

s, N 100, n 30. Three different response
mechanisms were used:

M echanism 1 response
6; =1-exp(ay; ), decreases with y; ;
Mechanism 2: 6; = exp(-aoy; ), increases with

probability

y;and
Mechanism 3: g =.7, response probability is a
constant.

The constants a and a, ae positive and so chosen to

make the average of O =z¢9i/N =0.7. Sarndd’s
i

(1992) estimators cannot be used gainfully when the
response probabilitiesd,'s are known or can be
estimated from the available data. So, in our present
study, we would like to propose some alternative
estimation procedures assuming that the response

probabilities 8, for the kth unit are either known or
estimated through the log-it models:



(iJog(6; ) =1-c1p;
and
(ii)log(6; ) = c2 pj

respectively, where p; =z /Z and ¢y, co are unknown
positive constants which are appropriate when response
probability increases or decreases with x.

2. PROPOSED METHOD OF ESTIMATION

Here, we assume that the response probabilitiesd, ’s are
independent. Under this assumption, we may consider
that the response sample s (formed by the set of
respondent units) is a sub-sample from s selected by the
nature according to the Poisson sampling scheme with
inclusion probabilities TTys = 0, and
ij)s =0 =6,0; for i j. The Horvitz-Thompson type
estimator for the total Yis:
5 Yi
Yo=Y ——
g Zﬂ 7

T
2.1)

It can be easily checked that \?m is unbiased for the total

Y. The expression for the variance of \?m isgiveninthe
following theorems:

Theorem 2.1. Thevarianceof Yy is V(\?ht)=V1 +Vsp
where

(2.2
and,

(2.3)

Proof. We have

V{71 )= EV 7 )+ viER 19)

ozl

2

ot

1 Z i
+§ZZ(”ij|s ‘”ils”j|s)”—'—]=

i# jes 74

ils ““jIs
2
=zy_i[i_1J =V,
AN

(since Tij|s = 0i 0 andﬂ”s =6; ) and

Yi

”

ics, ZiUi

Now

E{v[

%3

ies ils
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VE(s 2 j9p=v(z 2=y
ies 70 ies 7
)
|

Theorem 2.2. If the sample size is large to ensure
Prob{m>2} =1 , then the following two estimators:

(where z =

Up(1)=V11 +V5 and Unt(2)=Viz +V7
are unbiased for V(Yiy |, where

5 1 (”iﬁj_”ij) Vi Yj ?
Vi1==% ¥ ——|———| ,
2i¢j€s|— ”ijeiej T 7j

2
- Yi 1
-5 2543
and

2 S . .
s i (1 (”l”]‘”lj)yi Yij
V12—IEZ ﬂiﬁ[ﬂ'—-_ J_-Z-Z mimini 6 0

S i i#jes ij7i 7 i Uj

Proof. Noting
1 Yi VYiye

V, == - (2 - 2L

1 2;;(7['”] ﬂ-ll)(ﬂ'i 72_)

ZZ(ﬂ'ij _”iﬂj)

[E2|

R 1A

we can verify that both the estimators Vy; and Vi, are

unbiased for V. It can be easily checked that V, is
unbiased for V,.

Example 2.1. Consider an SRSWOR design where
i =n/N=rjg and 7T =n(n—1)/N(N —1)=7Z'ij0. In this
N
Nics O
be estimated by putting 7zj =7zjp and zj; =zjjg in the
expression variance estimators given in the Theorem 2.2,
Example 2.2. Consider an SRSWOR design where

case, we get Yiy . The variance of Yj;; can

7 =7, 7ij =7ijo and response probabilities ;'s are
equa to & for every i. Further if we estimate 6 by
é=rrVn,then

~ N _ ~
Yh o ZVi= Nyr =to1 (2.4)

ies
The estimator {,,was proposed by Sarndal (1992) when
the method of single imputation is used as described in
(1.3). Putting 6 =é=%, TTp =70, Tij =7Tijo in the

Theorem 2.2, we get two approximate variance
estimators for ., as



- N(N-n)m-2) » 2
YoL= m(n-1) v nm? iezsr d
and
. . N(N — -
Vo2 =Vo1 +—( n)(n m) > in .

n(n-1m? ies

Finally, noting that Vv, = N 2(1—%)8)2,r , the expression
m

for the estimate of variance of t,, given by Sarndal in
(1.4), we get the following theorem relating to the
magnitude of the three variance estimators of f,, .
Theorem 2.3: (i) Vgp 2Vp; for al values of y,’s and
(if) Vg2 2Vp whenever al Y, ’s are positive. (The proof
of the Theorem 2.3 is straight forward and hence
omitted)

Remark 2.1: We cannot get any meaningful comparison
between the magnitudes of V, and V,

3. CALIBRATION ESTIMATION

3.1 Calibrated estimator and its variance : Suppose
xi'sies are known. Then, following Deville and

Sarndal (1992), we propose a calibrated estimator for
Yht &S

(3.2)

where W,'s are the calibrated weights obtained by
minimizing the chi- square type distance function,

D=3 (w-16;)°q subject to the calibrated
|esr
constraints ¥ w; — Al z— Here @,’s are suitably
iess 7 iesTi

chosen weights. Minimization of D leads to calibrated
weight:

-1
l q X; Xi | X
W= xSl (p Xy XX
i \ies 7 iesTi ies Tl 7

(32)

On putting (3.2) in (3.1), the calibrated estimator for Y},
emerges as

~ ~ X; ~
Yo =Yht + Br (2 == Xpy) (33)
iesZi
where
Xpp= 5
= S ——
' iesy 7i0;
and
IXI | X I
B =y M0 > o (34)

Now writing
yIX ql X ql
B E E
(e
yl X ql i Xi qi gi
CEw e
and Ej =y; —Bxj, an approximate expression for the

variance of Y isobtained as

Ve =V (Ye)
- E{V(Z— 19} +V{E(T L0 BZ -19)
|es, ies, i ies 77
- E{Z—(——l)} % % p

_yEE oyl NG (N (2Y.
_Z”i (ﬁi 1)+2§§j:(7z,7zJ 7z”)(7Zi o)

3.2 Estimation of variance of the calibrated

estimator: It can be easily checked that

Aan=Y e /ﬂze)(——l)

ies,

(35)

is an approximate unbiased estimator  of

_z(EiZ/ﬂi )(Hi_—l) where g =y; -B;x; and B;is asin
! |

(3.3). Hence using the Theorem 2.2 we get the
following two design consistent estimatorsfor V¢ as:

Ve @) =Q() +Vi1 (3.6)
and,

Ve (9 =Q(r) +Va2 (3.7)
whereQ(r) is given in (3.4), and Vy; , V4, are as defined
in the Theorem 2.2. Following Deville and Sarndal
(1992), we obtain two alternative model-based as well as

design-based consistent estimators for V. when we
replace 1/6, by the calibrated weight W,

in the
expressions of Vi (1) and V¢ (2) .The estimators are as.

Ve (3)=Q(r) + Vi3 (3.8)

and

Ve (4)=Q(r) +Vig (3.9

where



- erw;
)= £ ot -1),
les ﬂ'l
1 (”i”j—”lj) Vi Vi ’
Viz==X ¥ ww el
2izjes 7Tij T |
and
2
- ve(1 i — 7T
Vig = ZWi—I[—— J— X X ww; (IJ—U)Yin
ies T \ 7 i£jes T T 7T )

Example 3.1. Consider an SRSWOR design where

zi =n/N and zj; =n(n-1)/N(N-1) and g; =1/x; ,then
ACZ_ 2 == br(— XX |_— z = (3.10)
Nies 67| Nies Nies
where by =y, /X and Xg= Zxi/n and X, = X x /m.

ies
In particular, if we assume 6

iesy
=0 for every i =12,..,N,

then we obtainw; = n
m

(3.12)

Remark 3.1.It is important to note that the estimator
(3.11) is independent of the response probability 6.
Hence, one can use t,, without estimating the response
probability . The estimator (3.11) was obtained by
Sérndal (1992) under the single imputation method
(given in (1.6)) in presence of the model (1.5). Now

replacing @ by its esimate #=nmyn and putting
zi =n/N, zjj=n(n-)/N(N-1) and wj=w in the
expression of Ve (j) forj = 1,2,3,4 we get the following
variance estimators for t,,

m X

_N N(N-n(m-1) ,
OC(l) m(n—l) Syr
oc(z)—N B0 (m-ps;

m(n-1)

FE-DY

ies,
0C(3)_N (m 21)(2 j(nys:rn)_(r)sg

T

N N(N-n)(m-1)
m(n-1)

< 2
= Si,
Xr
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vc,c(4>=NT(”:nzl)(X j(”x g
N(N —n) 2
+(er {m{(m 1)5 +( );yl}
N(N n)x X
T )(ZM

I' r

ies,
where (m-1)s& = Z(Yi ~br %)

ies
Example 3.2. Consider an SRSWOR sampling design ,
g, =1and g, =6 forevery i =12..,N andif wereplace
6 by itsestimate & =my/n in (3.1) and get

inzj (Xs = X)X

_ _n
W, =W, =—+nN
ies,

and W, =w;q yields

Yc = N[y, +b(xs - %; )] = foz (say) (312
where b= Y yjx; / zxiz. Now writing
ies ies
(M-D3& = S (yi -bx)? and § =y; —bx, we get the
iesy

approximate expressions for the variance of (3.12) as
follows:-

Vo) N_nz ( “r;sz(m—l) 52 + N(N-n)m-1) nin”j(g‘l) 2
(@)= (-
N(N - n) 2 (1 1 2
m(n _ 1) {(m_ 1)syr + [E - ng Yi ]
7 (3)- N—f _szo<vwo 1§

ZZ OWIO( )2

|¢J €s;
N(N - n) )
—2 W~ V;
n2 4 |Oy|

ZW.o

|esr

_n ZZ OWO]nyJ

iz ]€S.
The next sectlon has been resorted to the empirical study
to study the performance of these resultant four
estimators of the variance of ratio and regression
estimators.

4. EMPIRICAL STUDY

Although the proposed technique is useful for any kind
of response probabilities, but we restricted to empirical



study to the situation of smooth response probability
being equa to the ratio of respondents to the sample
size. We generated a population of N =100 units by
using the following the model :

Vi = BXi +€i

where Eg(gj)=0 and Vg(gj)=o2x . The variable ¢ is
generated as normal with mean zero and variance
0=025 and the variable X, was generated as beta

variate with both parameters equal to 0.2. We selected
50,000 samples each of sine n=30 and in the first case,
and then we randomly dropped 9 units from each
sample, by keeping m=21, so that the response
probability 6 =nyn=0.7 in each one of the sample
similar to the one considered by Sarndal (1992). The
relative efficiency of the four estimators of the variance
of ratio estimator was computed aS'

RE(R(I))= 3 e @ ~Vite)F

k=1

Z {Voc toz )}2

for j=1,2,3,4 and are presented in Table 1, and that of
four estimators of regression estimator are:

RELR(T)= 3 T @) Vit sg{vocun Vit

k=1

for j=1,2,3,4 and are presented in Table 2. Then the
values of ¢9| were changed to study the effect of

response rate on the estimators of variance. As the
response rate increases, the estimates are not changing
much and the relative efficiency figures are not
deviating much from 1.00, but the fourth estimator
remains better than others. More simulation study
remains to be done in which the response probability (9|

can be estimated with the help of third related auxiliary
variable say, z.
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Table 1. Relative efficiency comparison of four estimators of variance of ratio estimator.

Response Probability |  RE(R(1)) RE(R(2) RE(R(3)) RE(R(4))
6 =07 1.00 1.10 1.14 1.15
—083 1.00 1.05 1.07 1.08
6. =090 1.00 1.02 1.03 1.03

Table 2. Relative efficiency comparison of four estimators of variance of regression estimator.

Response Probability | RE(LR(1)) | RE(LR(2)) | RE(LR(3)) | RE(LR(4))
5 _07 1.00 1.08 112 111
083 1.00 1.03 1.06 1.07
6 =0.90 1.00 1.01 1.03 1.03
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