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INFERENCE ABOUT DOMAINS DEPENDENT ON NUISANCE PARAMETERS

Milorad S. Kovacevic and Lenka Mach'

ABSTRACT

A domain of study is a sub-population for which statistical inference is requested. Sometimes the domain definition
depends on the unknown parameters which are not per se of interest for inference but need to be estimated from the same
sample. Typical examples include the domain of low income households, the domain of underweight children, and a
population after discarding the outliers using the ‘three-sigma’ rule. The definition of these domains is dependent on the
nuisance population parameters: the median income, the average weight for a child in a given age group, and the population
mean and the standard deviation, respectively. The domain parameters of interest, such as means, totals, and ratios, are
then non-smooth functions dependent on the nuisance parameters. They are usually estimated using the ‘plug-in’ estimators
after substituting the nuisance parameters by their estimates. Under some regularity conditions for a complex sampling
design we show the consistency of these estimators and derive their standard errors using the estimating equations
approach. We support our theoretical results by an illustration based on data from Statistics Canada Survey of Income and
Labour Dynamics (SLID).

KEY WORDS: Complex sampling design; Distribution estimation; Estimating equations; Non-smooth functions; SLID;
Variance estimation.

RESUME

Le domaine d'estimation d'une enquéte est une sous-population pour laquelle on souhaite faire de I'inférence statistique.
Parfois, la définition des domaines dépend de paramétres inconnus qui ne sont pas d'intérét en soi pour I'inférence mais
qui doivent &tre estimés 2 partir du méme échantillon. Des exemples typiques peuvent étre un domaine des ménages 2 faible
revenu, un domaine des enfants de petit poids ou encore, une population dont Jes valeurs aberrantes ont été éliminées
l'aide de la regle « des trois sigmas ». Pour ces exemples, la définition de ces domaines dépend respectivement des
paramétres dérangeants de la population suivants : la médiane du revenu, le poids moyen des enfants d'un groupe d'dge
donné, la moyenne et I'écart-type d'une population. Les paramétres d'intérét du domaine comme les moyennes, totaux et
ratios sont des fonctions non-continues qui dépendent des paramétres dérangeants. Hs sont habituellement estimés en
substituant les paramétres dérangeants par leurs estimateurs a l'intérieur de ces fonctions non-continues. Pour un plan
d’échantillonnage complexe, sous certaines conditions de régularité, nous démontrons la convergence de ces estimateurs
et dérivons leur écart-type en utilisant une approche d'équations d'estimation. Nous accompagnons nos résultats théoriques
d'un exemple basé sur les données de 'Enquéte sur la Dynamique du Travail et du Revenu (EDTR) de Statistique Canada.

MOTS CLES: EDTR,; estimation de distribution; estimation de 1a variance; équations d'estimation; fonction non-continue;
plan d'échantillonnage complexe.

1. INTRODUCTION

A domain of study is a sub-population for which
statistical inference (estimation and testing of
hypotheses) is requested. The standard approach to
domain estimation when the domain is well defined
consists of redefining the variable of interest to be 0
outside the domain. Totals and other domain parameters
are then consistently estimated by the corresponding
population estimates for the redefined variable (see for
example, Sarndal, Swensson and Wretman, 1992). The
domain sample size is usually not fixed. Recently,
Casady, Dorfman and Wang (1998) addressed the
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problem of the confidence interval estimation for
domain parameters when the domain sample size is not
fixed. They showed that the traditional normal
confidence intervals can be seriously underestimated
and suggested conditional ¢-based intervals with better
coverage properties.

Sometimes the definition of a domain depends on the
unknown parameters. These nuisance parameters need
to be eliminated in order to proceed with the inference
about the domain parameters of interest (say domain
means, totals, ratios). When the nuisance parameters are
substituted with their estimates, the domain is not fixed
anymore which further implies that the estimates of
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domain parameters and of their variances should account
for the additional variability of the estimated nuisance
parameters as well. Some related work was done for the
variance estimation of gross flows when the transitional
states were based on the estimated distribution of the
survey data (see Caron and Chambaz, 1998, and
Kovacevic, 2000.)

Typical examples of such domains include: (i) A sub-
population of the underweight children where a child is
underweight if his body weight is less than 2/3 of the
average body weight in his age group; (ii) the ‘low
income domain’ of the population where the low income
person (or family) is defined as one with the income
below half the median income for that type of family;
(1i1) a third example is a ‘trimmed’ population with
values considered only within the boundaries p+ko.

In all three examples inference about the respective
domains has to be done in the presence of nuisance
parameters that determine the domains.

In the general statistical inference, different approaches
are recommended for the elimination of the nuisance
parameters (Basu, 1977). These include conditioning,
marginalization, substitution, etc. The approach taken in
this paper is a method of substitution where the
unknown nuisance parameter is replaced by its estimate.
The variance estimate of the estimated mean of a domain
of this type is obtained by the estimating equations
approach.

The outline of the paper is as follows. The notation to be
used throughout the paper, the problem formulation and
the examples are given in Section 2. Section 3 contains
a brief summary of the estimating equations approach
and its application to the domain estimation. Some
problems related to some specific domain-defining
parameters are discussed too. Section 4 addresses the
variance estimation for the three possible cases of the
nuisance parameter estimation. A numerical illustration
based on the Canadian Survey of Labour Income and
Dynamics (SLID) is given in Section 5 along with some
concluding remarks.

2. PROBLEM FORMULATION, NOTATION
AND EXAMPLES

Let D(X ) denote a domain of interest where A_1is a
finite population parameter that determines the domain.
The subscript x indicates that the domain is defined
according to the distribution of a variable x . Without
loss of generality we assume that the parameter of
interest is the domain mean of a variable y, uf:py(lx).

Note that the variables y and x are not necessarily
different, since we may be interested in the average
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weight of the underweight children, or a mean income of
the low-income families, etc.

In the examples given in the introduction, the parameter
A represents: (i) two thirds of the average body weight p_

for a child in a given age group, (ii) a half of the median
income m_ for the population, and in (ii1) it is p +ko_

where p_and o_ are the population mean and standard
deviation, respectively.

The parameter of interest is the domain mean of a

variable y defined as
HieDA)F (1)

where Hal indicates a true event. For the sake of
simplicity, let Hie DA )} =1{x <A }=1{} }.

ieP
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- D . .
In order to estimate p;, a sample of size » is drawn

from the finite population of size N according to a
sampling design p(s), so that the sample inclusion
probabilities are m = Y, p(s), i=l,.., N. The

seS: 83

corresponding sampling weights are defined as w,=1/n,,

if ies and O otherwise. In a typical survey, the sampling
design includes stratification and selection in two stages,
i.e. we have a sample of primary sampling units (PSU)
of size m, from the h-th stratum (#=1....,L) and a sample

of n, ultimate units from the ith PSU, yielding a sample
of total size n=%;_ T, n, .

If A_is known, the domain D(A) is a ‘regular’ domain
with the fixed size that may not be known. In such a case
pf is a usual domain mean. An example of such domain
is a domain of four member families. The domain mean pf

is then estimated by:

. Yoowy I X owy AN

B~ S ) S w10
X w, y 1) )
Ry

Here w,” denotes the standardized sampling weight

w, =w/N so that Xw,"=1. The cumulative distribution

IES

function for variable x estimated at A_ is denoted by

F (). Estimator (2) has the regular properties of an
estimator of the domain mean: consistency
(Pd{my(kx) —py(lx)|<e}~ 1,as ny, Ny~e, ny/Ny~1), and
i) -1, ()

the asymptotic normality
YV @,(3))

- N@O.1),



n,, Ny=e, np/N, ~1.Heren, and Nare the sample and

the domain sizes, respectively. Note that the first
convergence is in probability defined by the sampling
design, and the second is in law.

In this paper, our interest is in domains determined by
the unknown A, that has to be estimated. Generally, we

assume that XX has the properties of consistency and

asymptotic normality. An estimator of the domain mean
is obtained from (2) by replacing the unknown A_ by its

estimate. Note that A, can be estimated from either the

same sample or from an independent one. We will
distinguish these cases in the section on variance
estimation.

In the first example, X_is estimated by XX =(213) X, w,’ X,
In the example of the low income domain, the parameter
A, is defined as half the median, A_=m_/2=F,'(0.5)/2.
It is estimated by & =1 /2= inflxes | F (x)>1/2)/2.

In the third example where a domain of interest is

defmmed as a population ‘trimmed’ by the k-sigma rule,
D(n,,0) =1ieP | p,~ko <x,<p +ko_}. The domain

mean in this case takes the form
Zlepyi[l,{pxkaox} -I{p ~ko, }]/N
Flu ko) -F(u-ko)

H(H,0)=

Population parameters p_ and o are estimated by
f=X w'x and 6= w, (x,~fi)?

In a broader context this problem is similar to inference
using statistics which involve substituting estimates for
nuisance parameters as explored by Randles (1982) and
Pierce (1982). The main differences with their work are

that the statistic of our interest py(i) is not a

differentiable function of the nuisance parameters and
that the data are obtained using a complex sampling
design. Some results of Shao and Rao (1993), Binder
and Kovacevic (1995) and Kovacevic and Binder (1997)
on standard error estimation for low income proportions
are directly applicable to the problems addressed in this
paper.

3. ESTIMATING EQUATIONS APPROACH

In this section we review some basics of the estimating
equations (EE) approach to estimation of the finite
population parameters and standard error estimation, and
apply them to the domain estimation. Parameters of the
finite population are defined as functions of the values
taken by the population units. They can be expressed as
solutions to the system of estimating equations of a
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general form
N

U®) =) u(z;0)/N-0. 3)
i=1

Here we assume that 0 = (p,)) is a multidimensional
parameter. However, we are interested only in u,
treating the other components as nuisance parameters.
The estimating function u(.) is assumed known. The
vector z, = (x;, y,, ...) contains the values of the parameter

relevant variables for the ith population unit (i=1,...,N).

The estimates of the unknown parameters are obtained
in a two-step estimating procedure, first by estimating
system (3) as a set of population means, and then by
solving the estimated equations:

Ij(ﬁ) = Z wi* tl(z,;é) =0

i€s

€y

For the purpose of domain estimation we are extending
a formulation of the estimating equations approach for
complex sampling designs as given in Binder and Patak

(1994). The domain mean pf and the parameters A_ are

defined as roots of system (3) and their estimates are the
roots of the system of estimated EEs (4):

T : A
Uiy 80 = Yow, u (x.ys0,.4,)=0
i€s,

U,(h) = Y w uyx;5)=0

i€s,

()

The estimating function u,(.) for the domain mean

estimation has the general form

u (xR = - L) (6)

Obviously, u,(x,y; ﬁf, ix) is not differentiable in ix.
Functions u,(.) have different forms depending on A . In
our examples they are: u,(x;A) =x, -4 /a with a=2/3;

uy (k) = Hx, <A /- 172 with a=1/2.

Remark 1: In the example of a ‘trimmed’ population,
the function u,(.) in (6) takes the form

u, (6 p3f) . 8) = 0, - )[4, k8,0 - 110, -k8,)]

and for A_=p_xko_ there are two functions

ul(xl;ax’n.r) - (xliﬁx)z 763 ’

u3(xl;ﬂx) X T,

In (5), samples s, and s, can be the same or can be two
independent samples.

~ D)

3.1. Approximation of i

D
_uy



Systemn (4) can be decomposed in the following way (see
Binder and Patak (1994) for a single parameter, and
Kovacevic and Binder (1997) for a multi dimensional
parameter):

0=0(0) = 0(p,. %)
=LV, R) - UG A1+ 10U A) - Uy 1)
+U()1) + R

) ) (7
The reminder part is
R=U® -U® -108)-U®)]
N (8)

=% 0, (5) - UM (i) -u(z,9)
i=1
where w'(s) =w,", if ies, and w,'(s) =0, if i¢gs. It can be
proved that the reminder is asymptotically equivalent to
the product of O(th By 1y and o([A, -1 ]), as p?

and ?1; A

Decomposition (7) applied to equations (5) gives the
following general expression:

DJ D ” D
o= M “y B el I
0 J x )\'.\’ xx U2(lr)
where
U (i 5) - Uy (u” x)
_ ¥
Jluf)7 . D D (10)
H)’ IJ}’
U(u 3») U(H 7»)
Ih, = - (11)
Y
U,(A)-U, (M
and g, - LRG0 (12)
- )\'xixx

From (9) we obtain a first order approximation

TR U(u ISENA o s, S, U000 (13)

which will be used in Section 5 for variance estimation
~D D%

A, =0, ()ina
w028 n,, Ny o0, mp/N - 1. Noetat i) =i (R,)

and u), =i, (A).

of ﬁD It also proves the consistency of

~ DD

sretd i, -

Remark 2: For the third example, a ‘trimmed’
population, the J matrix is 3x3 and contains additional
I factors. They can be derived along the lines presented
for the first two examples.

3.2 Approximation of “J” factors
By replacing U,() in (10) and (11) with its values

152

defined by (3) and (6) we obtain

N N
C, - IR)IN-Z(y,-w) () IN

J b=

]p\

N (14)
T

= AAFX(XY) + O(XX VXX)
Here we use approximation F, (A )=F (A)+o(k -1).
The proof is given in the Appendix 1.

Similarly,
N -
2, -u) A - i)y AN
I, = = (15)

In order to simplify equation (15) we use the following
approximation:

): AV BV AV
0, 1) | 16

= A ADLOVEQ =2 - w)L

The proof is given in the Appendix 1. In expression (16)
/() denotes the marginal density function for random

variable x. The term E(y|x=1) is the conditional

expectation of y given that x=X_. Hence

J\lr :fx()\x) [E(ylx _ )\x) N H;)]

To approximate J,, we replace U,()) from (12) by its

values defined after (6). Obviously J,, will take

different forms depending on X . In our examples they

are:
For X =ap,:
N
¥ [,k Jo) - (x, -2 Ja) |/N
- ! —— L with «=273;
* - a
for _=am_(m_ is median)
N
X [(Mx, <& /o) - 1/2)-(Ilx, s A Ja} - 1/2))/N
I3 = =
: X A,
F(X/a)-F (Al
O V- FO ) -Lroua
A‘X-J)\‘.\’ a
with a=1/2.

4. VARIANCE ESTIMATION

A linearized expression of the difference ﬁf-pf after



substitution of ./, » and J,, into (13)is:
By -

~D D
i, -p, =

Lw' (y.-p) 1)
FX(X_‘) i€s; I (yl HY) b
(7

FOEQx=r) 1)) .
+ FX()\X)- b4 szlr,iw’ u,(x,1).

The variance of the domain mean ﬁyD is then estimated

as the vaniance of an estimated total:

Var(i.) = Var Yow, () L)
IES

X X 1

(18)

1ES,

+ Cx’y(uf, L) Xow u,(xh) )

L) EGR=) -1

D
where C.,(y0h) 00 o, -

The variance estimation is done according to the
sampling design and the variance estimate is evaluated

at p)=p],  FOO=FA),  fa)=f() and
ny( pf, A)= C‘Xy( ﬁf, XI). Note that for variance estimation
(18) we may use any convenient method including the
Taylor linearization or some of the resampling methods.

We may distinguish three cases regarding A_.

Case 1: Here we assume that A _ is known. It implies

that the second term in (17) is equal to zero so that the
variance (18) reduces to

Var({) = Var F1~2w,‘(y,—p>{?)1,{xx}

) e

This is the variance estimator that we use when ignoring
the variability of the estimated X .

Case 2: 1_is unknown and it is estimated from the same
sample. In this case s, =5, and the two sums in (18) can
be jointly written so that the variance (18) is:
oA D ~ - D
Vir(fi,) = Var( Yw'u (x,,y,,py,lx))
ics

where

(e yspy M) {(y ) 1)

F )

X X

SONEQR) -1 ) |

This case is the most frequent in practice.

Case 3: ) is unknown but it is estimated from an

independent sample. Since s, 15,, variance (18) can be

expressed as a sum of two variance terms:

Va“r(ﬁyD) = Var( Ew,.*(y;pyD)I,{Xx}]
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+C? Va“r( Xow; uy(x,)) )
i€s,

where C = Cx,y(pf ,A). Obviously the variance of the

domain mean is increased only by the portion of the
variance of % _.

4.1 Estimation of Cx,y(pf, A)

In order to estimate the factor C = Cx,y(va A) we need to
estimate the density function at A_(or at a) ) and the

conditional mean B = EG]x=)).

For estimation of the density function £, at'x=&, Binder

and Kovacevic (1995) suggested the following estimate

F (E+n2)-F (E-hI2)

18 = p

for some suitably small A.

(19)

Similarly, the conditional mean can be estimated as

X Yoo W, ¥, 1(E-H2<x <E+hI2)
R P Eh) - FE-h)

(20)

for a suitably small A.
5. NUMERICAL EXAMPLE

Here we present an example based on the data from the
Canadian Survey of Labour and Income Dynamics
(SLID) for 1993. The domain of interest is ‘the low
income families’. The domain defining parameter A _ is
the half of the median family income (after tax). The
parameter of interest, pf, is the average family income
(after tax). This is an example where the variable of
interest y and the domain defining variable x are the
same. For the variance estimation we used the Taylor
linearization method as implemented in SUDAAN.

The half of the median family income is estimated from
the same sample as & =$19,479 (with s.e.=$185). The

average income (after tax) for a low income family is
~D

estimated as i, =$13,210. If the variability of A is
ignored (Case 1), the standard error of ﬁf 1s obtained as

$131. When accounting properly for variability of A_



(Case 2), the standard error is $142. Assuming that 1_

is estimated from an independent sample (Case 3)
increases the standard error of ﬁf to $148. For
estimation of the density function and the conditional
mean we tried several values of % (see formulae (19) and
(20)). The presented results are based on A=2x185.
Considering the variance estimation in Case 2 as an
appropriate’ one we conclude that when ignoring the

variability of the estimated )A\_( by treating it as a fixed

known parameter (Case 1) we underestimate the
variance by 8.4%. If we treat ix as if it is estimated from

an independent sample when it is estimated from the

same sample as fi°,

,» thus ignoring the covariance

between ):X and Qf, we overestimate the variance of ﬁf
for 4.1%.

APPENDIX 1
Proofs of some approximations used in the paper:

F.(A)=F,(00)+o(h -1).

The Taylor hinearization gives

(AD)

Fx( Xr) - F)O\r) = (Xx B )\r)ﬁ()\‘x) -

Approximation (Al) holds based on the assumed
consistency of ix, le. X;l;O as n/N-1 and N- o,

Approximation (16) we express equivalently as
w A

[ [O-w)ydF, ey = R0 L0) E(-w)]x=2).

.y
(A2)
To prove it we start from the left side of (A2)
o b - .
[ [o-w)har wpn= [ »-w)| [£, 6 dx|dy
Tw A,

e A,

- }(y~uf>{(i;w,y(x,‘,,y)]dy

Loy oy) 4
AN
= (AL E(y-pl [x=2).

“GAAL0) [ r-w)
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