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EXISTENCE AND CONSISTENCY OF GEE ESTIMATORS - APPLICATION
TO DESIGN-BASED INFERENCE

Toana Schiopu-Kratina'

ABSTRACT

Conditions for existence of roots of weighted generalized estimation equations are given. The design-consistency of the

estimators thus obtained is studied.
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RESUME

Nous présentons des conditions d’existence des racines d’équations généralisées pondérées. Nous étudions aussi la
convergence de ces estimateurs dans la probabilité induite par le plan de sondage.

MOTS CLES : Convergence des estimateurs; GEE; inférence statistique avec des données d’enquétes complexes.

1. INTRODUCTION

This article presents general results on existence and
consistency of estimators obtained as roots  of
estimating equations (REE). We prove weak consistency
of the estimators thus obtained since only convergence
in probability is appropriate in the context of design-
based inference. However, our main results, Theorems
1-2, actually hold a.s. in the appropriate context.
Assumption 2 presented here is considerably weaker
than Assumption 2 in Yuan & Jennrich (1998) and
consequently our Theorem 2 is stronger than their
Theorem 2. We illustrate the improvement in Example
3. In addition, this article contains more general results
than those presented in Schiopu-Kratina (2001). Firstly,
the existence theorem has been extended to cover the
multivariate case using the proof of the classical inverse
function theorem (see also Yuan and Jennrich (1998)).
Secondly, the design-based inference is self-contained.
Superpopulation parameters are not needed as fixed
points in obtaining asymptotic results and no model-
based assumption is used. Proofs of all statements
contained in this article are available and will be
presented elsewhere.

The original purpose of this research was to provide a
theoretical foundation for design-based inference with
data from longitudinal sample surveys. A starting point
was the seminal paper of Liang & Zeger (1986). Their
article contains asymptotic results but no proofs of these
results are given. Results on design - consistency,
asymptotic normality and consistency of the jackknife
estimator of the asymptotic variance are given in
Schiopu-Kratina (2001) for a specific design. The
existence of a root of the generalized estimating
equation (GEE) is proved in the univariate case only
(p=1). In the case of estimating equations (EE) that are
not gradients there seems to be no trivial extension from
the univarniate to the multivariate case. The proof of the
existence of REE for GEE was first given by Yuan and
Jennrich (1998) (see also Chen et al (1999)). It is this
result that we generalize and apply to GEE associated
with marginal models as in Liang and Zeger (1986) in
the context of design - based inference. For the design-
based inference, we followed the approach of Binder
(1983) in the context of marginal model as in Rao
(1998).

In longitudinal data, observations on the same subject
are dependent, and this dependence is different from the
élustering effect due to the sampling selection. Liang
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and Zeger (1986) introduced GEE’s, which require only
specification of the marginal model mean and variance
for each individual. Correlation across time for the same
individual is assumed to exist, but it is not specifically
modelled. In the special situation when the observations
across time are assumed independent for each individual
(the working independence assumption), GEE becomes
the Independence Estimating Equation (IEE).

2. GEE AND MARGINAL MODELS

We describe briefly the set-up in Liang and Zeger
(1986). Consider N individuals observed on d, occasions
(1=1, ... N). The univariate responses ¥, and the p -
covariates x;, are recorded, t = 1, ... d,,i=1,..N. We
assume thatd; =d , i =1, ... N. Typically, d is small for
marginal models. Otherwise, time series techniques may
be more appropriate. Liang and Zeger (1986) consider
probability densities of the following type: p )=
exp [{y;, 8, -a(6,) +b ()} @] withg,, = h(n,),

M, =X,,'P, where a, b and h are known (differentiable)
functions, {6,,}, ¢ are parameters , x, Joisan 1 xp
matrix of covariates and B is a p x 1 vector of main
parameters, for all t, i> 1. Here T stands for
transposition of matrices. Note that for random variables
with such densities we have:

(hH E,.l=u, =2a'(0,), forallt, i> 1:

Let p(n) = a'(n) , for any 7 in a space of parameters ©.
The function g is a link function if geu(6, ) = x, T B, for
allt,i> 1. If g =p™', then g is called the canonical or
natural link, the function # above can be taken to be the
identity and the parametric form of the model is the
natural one. With binary response, the logit link function
g(1) =log{u/(1-p)}is the natural link associated with the
logistic regression model. EE's are formed that mimic
log likelihood equations associated with exponential
distributions (e.g. normal, binomial, logistic, Poisson).
These are quasi - likelihood equations if the original
distributions belong to the normal family upon further
restrictions, e.g. knowledge on the dispersion parameter
¢ (Shao 1999, p. 242). The idea is to produce estimators
for Bwhich are REE by making only few assumptions
on the distribution of the observed data, and then study
the properties of these estimators.

When GEE’s are used, it is assumed that correlation of
observations y,, across time for the same individual is
the same for all individuals, and is represented by a
matrix R{a), with o a "nuisance parameter”. More
precisely, let U; (B, @, ) = DT V'S, V, = 1/p[A"?
R (@A™, D;=AA X, S,=Y,- a0,),A, =
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diaga"(®;)inR%and A;=diag[d0, /dn, ], which
could be taken to be the identity matrix I, for all i > 1.
Notice that the covariates are contained in D; and that A,
as well as S; (through a') contain the main parameter p,
i > 1. The GEE, or equation (7) of Liang and Zeger
(1980), is:
N
@ Y. Ui(B. @ (Bots. p)=0
i=1
Equation (2) above is called a pseudo-likelihood
equation in Shao (1999), p. 315. Note that it consists of
p scalar equations. In equation (2) & and @(s, B) are
estimates of nuisance parameters that are obtained from
the sample and generally contain B. When the solution
to (2) exists and is unique , i.e. when B is defined
implicitly by (2), it is denoted by ﬁG in Liang and Zeger
(1986). Note that this approach is different from the one
presented in Section 5 of Rao (1998). It is important to
note that (2) contains only B as unknown parameter and
that, due to the estimation of the nuisance parameters,
the left hand side of (2) is, in general, a nonlinear
function of the sample observations.

3. GEE AND DESIGN-BASED INFERENCE

The conditions for model based inference are often not
met by the data collected according to the survey design,
even 1f the finite population is large. Design - based
inference, introduced by Binder (1983), offers a
solution, as it allows for the use of modelling techniques
in the context of survey randomization. When the
observations across time are assumed independent for
cach individual (the working independence assumption),
equation (2) becomes IEE. In this case R(a) = I, and
there s no need to estimate nuisance parameters in (2).
This is the  situation discussed, in a design
randomization context, by Binder (1983). In the context

of IEE and survey randomization GG becomes the

“census” parameter defined in Binder (1983).

Definition 1 In the case of the GEE (2), the census
parameter 3, is defined as the solution (when it exists
and is unambiguously defined) of equation (3) below:

N
B wdB) = Y Ui, ay(B) 0y () =0
k=1
[ |

The example below illustrates the calculation of
By = B(; from an IEE. Notice that the presence of the

time dimension is accounted for by the increase in the
number of data points (from N to 2xN in this case).



Example 1 ( the linear model, p = 1). Assume that the
individual observations are independent, identically
distributed (i.i.d.) and that they follow a normal
distribution. Take ¢ =land d = 2 occasions. We have
R{a) =1, (case IEE). Assume that x;,, B are scalars, i,t >
1 and that # is the identity.

(yi *ei )2 ? ,Viz
PO =exp-— =a(0)=—5, bly)= -
2 2 2
ElyJ=0,= 99, 4@ | g _\ gits1.
d@u d92”
For 1,t > 1;
dlogp(y,) 5
dﬁ :ylt xl[- xlIB
Now a'(8,)=0,,=x; B, i,t > 1 and (2) is:
N2 N 2 ,
(4) an)'il‘z Z x, p=0~-
i=1 =1 i=1 t=1
N 2
ZX} X, ¥,
N =1 r=
by = B = N 2
2
Z Xis
i=1 r=1
m

We will define next a sample - based estimator ﬁN,
which will serve to make design based inference on the
census parameter B, . In conjunction with the GEE (2),
we define, for e O :

) by B=wy (5.B)= Y wily (B 6 (B). 0y (s.B))
kes

In (5) &,(P) and @, (s,B) are sample based estimators
of the census parameters o, and ¢, , respectively, with w i

the design weights divided by N. Notice that in case of
with - replacement sampling, s is an ordered sample, i.e.
the same p.s.u.’s may appear several times in the sample
s (Sdrndal et al 1992, p.72)

Definition 2 The REE estimator BN of the census

parameter {3, in (4) is defined as a solution to vy (s.B)
=0, with y,, (5,B) as in (5) above. )

Example 2 ( the linear model, p = 1). Consider the
simpler situation of an IEE presented in Example 1.
The census parameter is B, in (4). A design based

estimator ﬁN is a solution to J,.(B) = y,(s.p) =0,

where:
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\VN(S’B) :E

kes

2
szjl XYy~ X B)
t=

This estimator can be found explicitly as the EE above
has the unique solution:

2
Z E WXV

kes t=1

2
Z Z wkxk21

kes =1

~

(6) Py =

Note that in (6) the normalized weights can be replaced
by the original design weights. u

4. THE MAIN RESULTS

In what follows we consider quite general EE indexed
by a parameter OeR” .

Assumption [.
nonrandom vector such that y,, (6,)=0and py is the

(¥, (6,)] - 0 inpy, where 6y is a

design probability. =
Comment 1. Assumption 1 is closely related to design
consistency. It holds if §, (8) - y,(8) ~ 0 in pyand

uniformly in 6. =

Examples 1 - 2 We take all covariates equal to 1 in (4)

Yy

Assumption 1 becomes: N"Z w.y, —)_’N - Oinpy,

i€s

and (0). The census parameter is B, =0, = and

which is design-consistency of the sample mean. =

Assumption 2: Let EN(G) be the pxp matrix of partial
derivatives of N, (0), which are assumed to be

continuous in a neighbourhood of 0, , N = 1,.... For

large N, we assume that Ay :ﬁN(GN) 1s nonsingular. As

in Lemma 2 of Yuan & Jennrich (1998), or the proof of
the inverse function theorem in Rudin (1964 , p.193), we

define L, such that 2L, |4 }\_/l”{, =1, where the subscript

o stands for the operator norm of the matrix (see Rudin
(1964), p. 185). By the continuity assumption:

®) Fry 300 - 0,l<r,=IDU8)-4,], <
large N. Here the subscript e stands for the Euclidian
norm of the matrix. We assume that,

L, foreach

vn>0,dl >0, ny(n,8) =ny, n,a sample size,
N, > ny such that, for all n >n,, N>max{n , N, }, we



have :

(i1) n
Example 2 Recall from (5) @N(B):Z wu (B), where
u(B)=x(y, xp),i=1..N.

Then ﬁN(ﬁ): —Z wixi2 =4,. We have:

i€s

Pu(ryXLyIN >l“)> I~

14yl 5
2N =27'Y" w.x. Because D,, does not depend
€5

on the parameter, we may take r, =N, L,~= in py so

FXLy/N ~ o in py and (it) holds.

L=

Comment 2 Note that, on the r.h.s. of "= ' in (i) we can
divide by N both terms of the inequality. =

Let us denote by B (6;) the ball {0:]6 - 0,ll<r}. Let
B, = BrN(E)N) ,N=1,....

Theorem 1 ( existence of REE, p > 1). Assume that
Assumptions 1 and 2 hold. Then there exist estimators
GN sucb that:V 1 >0, ENO > ny,ny = no(n) a
sample size, such that for all n >n,, N >max{n , N},

we have :

Py(B, B, 0, 0,)=0)>1-7

Theorem_ 2 (existence and consistency of REE).
Assumption 1 holds. We replace (ii) in Assumption 2 by
two conditions, which together imply (ii): the functions

15N /N are equi(in N)continuous functions of 8 at 0,
and, with the same notation as in (ii) and with
1:N = L, /N, we have the weaker condition:

(iit) py(Ly >1)>1-7

There exist then estimators @N such that, V 1,6 >0,
N, > ny,ny= n,(n, ) asample size and for all
n>ny, N>max{n , N}, we have :

puCl0, 0,18 ¥,(8)=0)>1-7

This result follows from Theorem 1 above. Theorem 1
relies on the proof of the inverse function theorem (see
Rudin (1964) p. 193 or Lemma 2 of Yuan & Jennrich

134

(1998)).

Comment 3 We note that the functions ¥, are

invertible on By ,N=1,. u

5. APPLICATIONS

The first application of Theorem 2 is to the linear model.

Assumption 2 of Yuan & Jennrich (1998) would require

that limz w‘.xile exist and be > 0 in py as n(s), N,
I€S

with n(s) the sample size. This is stronger than (i1) in our

Assumption 2, which reduces in Example 2 to:

, 5 )
Ewlxi ~co inpy as n(s), N-o

I€s

(7)

If, in addition to (7), we have
N

> wixiz ”Exiz -0
i=1

i€s
as n(s), N—-« in Dy where n(s) is the sample size, then

Examples 1 - 2

. N
waxx ylizxiyl - O aﬂd
i=1

IES

[AiNA By~ 0 in p,, . Note that, under (7), Assumption 1

becomes BN— By~ Oin p, . n
The next example is the example discussed in section 5
of Yuan & Jennrich (1998). An application of our
Theorem 2 weakens considerably the conditions on the
sequence of covariates. Indeed, for Assumption 2 of
Yuan & Jennrich to hold, the empirical distributions F',,

of { x,, i = 1,.. N} must converge uniformly to a

distribution F. We only require that the sequence of
covariates be bounded from above and also bounded
away from 0.

Example 3 (GLM) The components of the EE are:
1(0)=x.(y, ~1,(0)), p(0)=e ** x>0,6>0 ,i=1,...
Assume that limsup x, <M and liminf x, = / > 0.

Then estimators which are REE’s exist and are
consistent. =

In order to do statistical inference for GEE, we must
find a sample based estimator of V, =V, (a, B ) (see
Rao (1998)), and replace it in U, (a, B, ¢) =D," V' S,
,k=1,... N. This corresponds to the case when R(a) 1s
completely unspecified in Example 5 of Liang and
Zeger (1986). In this instance there is no need to

estimate the overdispersion parameter ¢. To estimate
12 12

Vi(B)=4,"C, (a,p)4, ",k > 1 for fixed values of the



parameters, we estimate the common correlation
structure across time, denoted here CN(a,B), by

Y w4, B)S,(B)S, (B)4, "(B). The entries of this

kes

matrix are:

65([3) :Z w,la //(nki (Bha //(nkj(B))]ﬁ Ilzski(B)sky'(B)

kes

where s, (B) =y,,— 1, (B). k=1,..M,1,j =1,..4d,
Be ®.Let §J(B), i.jo =1,.d, Pe O, bethe
entries of CA’]{,I(B), which is assumed to exist. Then
7, (B)bas entries g4 (B)la”(n,, (B)a’(m, (BN,
i 1,.d. We GEE (5):
U,B, 7, (B =D, V,'(B)S,, S,-Y,-a’(8), forany
k > 1 and obtain:

1, = substitute In

yu(s.B)= Y, En(B) wi(s.B),

nj=1,.d

a //(%(B)) ]1/2x

Y(s,B) =) wl
' Ca(n, (B))

k,skj(ﬁ) L,j=1,..d
kes
Therefore, the GEE in (5) can be written as a finite sum
of terms with each of these terms equal to a product of
two estimators. Furthermore, each \y}jv(s,B) ,1,1=1,.d,
is a sum of random variables for which the conditions
for consistency in Theorem 2 can easily be applied.

Theorem 3 We assume that, for large N and all f
around f,, , the matrices C'N (B) are nonsingular. We
assume further that the hypotheses of Theorem 2 hold
for \I/j{}, i, } = L,... d. The following conditions are
assumed to hold in probability and forall i, j = 1....d. :
Al
(iv) T?%AL(B) are equi and uniformly (in B ) bounded
k
around 3, .

(v) g—A’,f (BN) are equibounded from above.

-7
(vi) %( B) are equibounded from above.
3
Then the conclusions of Theorem 2 hold , 1.e. we have

existence and consistency of the estimators obtained as
REE in (5). n
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Comment 4 The assumptions of Theorem 3 are not
difficult to verify. Since all functions involved are
averages, it suffices to verify these assumptions on the

components. For example, conditions on gﬁ (B) Gf well

defined) can be expressed as conditions on & A'f(B) , which
reduce to conditions on the functions a” and s,.(8) ,

j=L1.d, k=1, ... As a minimum requirement in the
nonlinear case, one must assume equiboundedness of
the covariates ( see (2.3) and Remark 1 of Chen et al
(1999)). -
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