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VARIANCE COMPUTATION FOR COMPLEX SURVEYS
USING ESTIMATING EQUATIONS

M.A. Hidiroglou, J.N.K. Rao and W. Yung'

ABSTRACT

Linear or nonlinear parameters of interest, such as population means, ratios, linear and logistic regression coefficients can
be expressed as solutions to suitable census “estimating equations” (Binder, 1983). Parameter estimates are obtained by
solving sample estimating equations which involve the design weights as well as adjustment factors (also called g-weights)
based on auxiliary information. Using Binder’s (1983) Taylor linearization method, we obtain standard errors of parameter
estimates involving g-weights such as those resulting from post-stratification or regression adjustments. These standard
errors incorporate the g-weights as well as synthetic residuals obtained by regressing the components of the estimating
functions on the auxiliary variables. For stratified simple random sampling, we also obtain standard errors by linearizing
the jackknife variance estimator. We show how this methodology could be implemented in a computer system to provide
a unified, flexible approach of calculating estimates and associated errors.
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RESUME

Les parametres linéaires ou non Jinéaires d'intérét, tels que les moyennes d’une population, les proportions, les coefficients
de régression logistique et linéaire peuvent &tre exprimés sous forme de solutions aux équations estimantes” de la
population (Binder, 1983, Thompson, 1997). Les estimations de paramtre sont obtenues en résolvant des équations
estimantes basées sur I'échantillon. Ces équations sont en fonction des poids de sondage et peut-étre bien, des poids
d'estimation (connu sous le nom de poids- g) basés sur l'information auxiliaire. On peut se servir de la méthode de
linéarization de Taylor de Binder (1983), afin d'obtenir les écart-types d'estimations de parametre impliquant les poids
d’estimation, tels que ceux qui résultent 2 l'estimateur de la post - stratification ou de I'ajustement par la régression. Ces
Ecart-types incorporent les poids d'estimation ainsi que les résidus synthétiques obtenus en régressant les composants des
fonctions estimantes sur les variables auxiliaires. Pour I'échantillonnage stratifié aléatoire simple, nous obtenons aussi les
€cart-types en linéarisant l'estimateur de variance jackknife. Nous démontrons comment on pourrait implanter cette
méthodologie dans un logiciel qui nous donnerait une approche flexible, unifiée pour calculer des estimations et les écart-
types associés.

MOTS CLES: Equations estimantes; estimation de variance; linéarization jackknife; linéarization de Taylor

1. INTRODUCTION

Parameters of interest that are estimated in survey
sampling are simple or complex. Simple parameters are
mostly used for descriptive purposes: totals, ratios, and
proportions are included in this class. Complex
parameters are used to obtain a better understanding of
the relationships that hold within the population of
interest: examples of such parameters include regression

I

vectors, logistic regression vectors, and log linear model
parameters. The estimators of simple parameters are
straightforward to obtain. However, the estimation of
complex parameters requires a suitable modification to
the generalized linear model approach described by
Nelder and Wedderburn (1972). This modification
transforms their theory developed in the context of
infinite populations to finite populations. Linear or
nonlinear parameters of interest, such as population
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means, ratios, linear and logistic regression coefficients
can be expressed as solutions to suitable census
“estimating equations” (Binder, 1983 Godambe and
Thompson, 1986). Parameter estimates are obtained by
solving sample estimating equations which involve the
design weights as well as possibly calibration weights
based on auxiliary information. Using Binder’s (1983)
Taylor linearization method, we obtain standard errors
of parameter estimates involving calibration ‘weights
such as those resulting from post-stratification or
regression adjustments. The resulting standard errors
incorporate the calibration weights as well as synthetic
residuals obtained by regressing the components of the
estimating functions on the auxiliary variables. For
stratified random sampling, we also obtain standard
errors by linearizing the jackknife variance estimator.

Section 2 provides the population estimating equations
for obtaining the parameter of interest, and gives some
examples of how this approach generates commonly
known parameters in survey sampling. Section 3
presents the procedure for estimating the parameters of
interest via the estimating equation approach, while
section 4 offers two alternatives for estimating the
variance of the resulting estimators. In Section 5, we
display how these results can be applied to a number of
post-stratified estimators, and finally a computerization
of the proposed procedure is given in Section 6.

2. CENSUS PARAMETERS

We suppose that the finite population U is of size N, and
that for each unit k we have data (yk,xZ) where the x, ‘s
are P-dimensional explanatory variables, and the y, ‘s
are response variables. Assume for a given x, that the y-
value is generated by a random process with mean
E(y)=p,=p(x,,8), where 0 is a P-vector of
parameters.

Denote the “working” variance of y, by
V(y) =V, =6V, (n,) for ke U. A census parameter 0,
is defined by the solution to the population estimating
equation

$(8)=), u,(8)=0, (2.1

where the p-th element of u (8) is

4, ()= O J38) {0 -V} (p=1,..,P)(2.2)

The estimating equation approach can be used to
generate most of the commonly used census parameters
8., €.g., the mean, ratio of two totals, ( y and x ), linear
regression and logistic regression parameters.

2.1 Mean

The model for generating a variable y is given by
E(y)=p,=0, V(y)=o>, and Cov(y,,y)=0 for
k=1=1,..,N. Using (2.1), this model ’leads to
0, (0)=y,-0, S(8)=%, (y,-0) and 6,=N"'L, y,=7.

2.2 Ratio of two totals

The model for generating a ratio of two means is given
by y is E(y)=p=0x, V(y)=o*x,, and
Cov(y,,,)=0 for k=0. This leads to u,(8) =y, -0x,,
S(8)=X, (y,-9x,),and 8,=%,y,/%, x, .

2.3 Linear Regression

The model for generating the parameters of a linear
regression of y on x is given by E(yk):x,(TG,
V(y)=c* and Cov(y,,y)=0 k#t. In this case
u,(0)=x,(y,-x,0), S®)=X,x(y,-x,0), and the
census parameter vector given by

BNZ(EU xkka )71251 e Ve

2.4 Logistic Regression

The model for generating the parameters of logistic
regression is given by E(y)=p, where yis a
dichotomous random variable taking 0 and 1 values, and

T, T,
po=e’ (1 e eyt

As a working mode] for the variance, we take the
standard binomial form with V,, = p (1 -y,) , so that

w,=x,(y,-p) and S®)=X,x, (y-x08). The
parameter 8, is implicitly defined by $(8)=0.

3. PARAMETER ESTIMATION

Auxiliary data is commonly used at the estimation stage
to improve the precision of sample estimates or to
benchmark to known population totals. These methods,
known as calibration methods, obtain final or calibration
weights, w,, by minimizing a distance measure from the
basic design weights, w,, subject to the restriction
that> Wz, =Xz, where z; is some auxiliary data vector
known for all units or for all sampled units and the
population total Z =3z, is known. The resulting
calibration weights can be expressed as the product of
the basic design weight, w;, and adjustment factor, g,
(also called g-weight) obtained from the calibration
procedure. Note that if the population totals Z are
estimated using the calibration weights, one will
benchmark to the known population totals Z. Several



procedures for achieving this have been given, see

Huang and Fuller (1978) and Deville and Sirndal
(1992).

Generalized Regression (GREG) is the most commonly
used calibration procedure. For the GREG procedure,
we assume that either auxiliary variables z, are available
for all units in the population U, or only that the
population total Z=X%, z, is known. The GREG

estimator of the total ¥ =Xy, is given by ¥ =¥ vy,

and the GREG adjustment factor is given by

a,=1+z; (stlzlz,) (Z-2)lq, (3.1)
where Z=X w.z, and 2. denotes the summation over all
sampled units i€ s and ¢, are specified constants. The
estimator, 0, of the population estimating function
5(0) =X, u,(8) is given by S(8) = > ,u (8), where the
cahbratlon weights are given by W, =w,a. The
estimator, 8, of the census parameter 0, is obtained by
solving $(0) = E w,u(0)=0. For 51mple cases such as
totals or means, the solutlon to the estimating equation
has a closed form and calculation of & is therefore
straightforward. For more complex cases, it maybe
necessary to solve the sample estimating equations
iteratively; for example, the r-th step of the Newton-
Raphson algorithm is given by

0,=8,_,+J®, )" S ).

where 6 _,1s the value of 6 obtained at the ( r - 1 )-th
1terat10n J(G D ~a5(9)/ae evaluated at 9 _, and
S(G ) 1s $(8) evaluated at 9 . Iterating the Newton—
Raphson algorithm to convergence produces the
estimate 9.

4. VARIANCE ESTIMATION

We next provide two procedures for estimating
variances of the estimated parameters that result from
the sample estimating equation. One is based on the
Taylor linearization approach and the other is jackknife
based. Note that the Taylor approach is applicable to
general designs, while the jackknife is restricted to
particular sample designs. For the purpose of
continuity, we will present both approaches using a
stratified simple random sample design. Both the Taylor
and jackknife approaches are easily amenable to
programming. They are part of the building blocks
necessary for computing variance estimates of complex
parameter estimates in a system such as the Generalized
Estimation System (GES) recently developed at
Statistics Canada.

4.1 Linearization Variance Estimates

We assume that:

i)  S(0)is distributed normally with mean S(8)and
variance V(§(9) ;

i1) A consistent estimator of V(S(B)) is given by
V($®)).

A consistent estimator of the variance of 8 is given by

OBRNOIRISOINONE 4.1)
where J (§) is
_as ~3u.(®
soy =250 5 u,(0)

oo’

evaluated at 6 = & and V(f(@)) is 17(§(9)) evaluated at
6=90. Since S(0) is the estimator of a total for S(8),
the variance estimator V(g(@)) is obtained from the
GREG results for a total, as shown below.

Denoting the estimator of variance of the basic estimator
Y=Y w,y,as v(y,) in operator notation we have

V(f(é))zv(a‘e;) (4.2)

where €] =(¢;},...e;)" with e =e, (9) and e, (9) is the
residual obtamed by regressmg each component u, (9)
of u. (9) on the auxiliary variables, z,.That is,
e (0) =u (0)-B (0)z,,p=1,..P

where

(9) (st!ztle/q ) (Z w4 ulp(e)/q )
It is clear from (4.3) that poststratification adjustment
may not lead to gain in efficiency if the model residuals
u‘l.p(@) are unrelated to z,. The use of g, e; instead of e;
can be justified along the lines of S#rndal, Swensson,
and Wretman (1989). Substituting (4.2) into (4.1) we get
V($®)) as

9(6) - [1®] " ae;) (4.4)

in operator notation.
4.2 Stratified Random Sampling

We assume stratified random sampling with », units
sampled from N, units in A-th stratum, A=1, ..., L. We
denote the basic weights as w, =N, /n,,i=1,..,n,; h=1,

.» L and the calibration weights as w, =w,.a,,, Where a,;
is given by (3.1) with the subscript i changed to hi. The



estimated variance of Y= w,, y, is computed as

V(D)= §3J1f; 5 b0 Fn) Y450
= V(yh,-), (4.5)
where f,=n/N, and y  =(1/n)¥ w, y,. It now
follows from (4.4) and (4.5) that
V&) =y [1®)] " a,e;) (4.6)

with the residuals e, =e,, (8)and e,;,(8)is given by
(4.3) by changing the subscript i to hi. That is,

N a 2T
ehip = uhip(e) _szhi ’

h=1,-,L;i=1,-,n,;p=1,-,P,

where

~ T ~1 A
Bp:(zs Wi zhizhi/qhi) 2 Wi 2 iy, ( 0}/ gy,

The operator notation v([J(8)]" a, e, indicates that the
variance estimator depends only on the error terms, e,
and J(8).

4.3 Jackknife Procedure

To obtain a variance estimator of @, one can also
employ resampling techniques such as the jackknife or
bootstrap variance estimators. We present the jackknife
variance estimator and derive a linearization type
variance estimator by approximating the jackknife
variance estimator, assuming stratified random
sampling.

To calculate the jackknife variance estimator for 6, we
first define the jackknife weights when the j-th unit in
the g-th stratum is deleted,

0 (gn)=(h1)

n, heo ini

Whitgp ™ ng‘lwgi =8:17]
Whi h=g

The jackknife weight can be interpreted as follows; for
the (gj)-th unit, the jackknife weight is equal to zero,
while for other units in the g-th stratum but not in the j-
th unit, the design weights are adjusted by n/(n,-1).
Finally, the weights are unchanged for those units not in
the g-th stratum. The sample estimating equation when
the (gj)-th unit is deleted is then

5(&.)(9) =) Whien Yni ) =0 4.7

where W, . are the jackknife adjusted final weights.

,vw>§3<1f{

These weights are obtained in the same way as the
original final weights, w, , except that the jackknife
weights are used instead of the original design weights
in the calculation of the adjustment factors a,,.

Now to obtain é(g].), one can use the Newton Raphson
algorithm with equation (4.7) and iterate until
convergence, or one can use the one-step jackknife
(Lipsitz, Dear and Zhao, 1994). The one-step jackknife
simply uses the full sample estimate, 8, as the starting
point and performs only one step of the Newton-
Raphson algorithm with the final weights replaced by

the jackknife final weights, Whiten- That is,

PR A s a
Oep =0+ (O S, (8)

where J J i )(9) and S( )(9) are obtained from J(8) and
S(8) with the final weights replaced by the jackknife
ﬁnal welghts The jackknife variance estimator, using
and (9), is given by

(g/) ’

J}jw<)mw Hr.(48)

8

To obtain a linearization variance estimator, note that if
we have J(KD((A))*:J((A))", then the one-step jackknife
gives
B _B-_781¢ 4.9
0, 0= -7®)'S,® (4.9)

and since $(8)=0, we have from (4.8) and (4.9)

} 3, UO)7S (@)
FORIROI

g

A~ -1 N A an
:J(e)*lzg (l‘fg)[ i ] Zj [S (&) -5(8)]
3
[S (8 -S®171(8) !

S ORARONOR (4.10)

Again, noting that $(8) is simply a GREG estimator of
the population estimating function, we can approximate V [S ( 9)]
by the linearized jackknife variance estimator given by

V, S®) = v(a,e;), @.11)
where the p-th cornponem of e}, is Ehp = U ,”p(e) -B! pZhio
and B =(X w}”zh,z,“) 'Eow, RN C)) This result can
be obtained by applying techniques in Yung and Rao

(1996) who considered the GREG estimator of a total in
a stratified multistage framework. Note that the



linearized jackknife variance estimator uses g-weighted
residual§ ajﬂe:"' . It now follows from (4.10) and (4.11)
that , V,(8) can be approximated by the linearized
jackknife given by

V, ® =@ v(a,e;) IO

. (4.12)
=v({J(8)] "e,,).

The estimator (4.12) is identical to the estimator (4.6)
obtained using the Taylor method. In Section 5, we
consider several specific estimators.

5. SOME APPLICATIONS

The preceding results provide us with a relatively easy
procedure for computing variances of estimators of
complex parameters, that incorporate auxiliary data in
their weights. In this section, we confine to one of the
more commonly used weight adjustment procedure,
post-stratification. The post-stratified weight adjustment
is a particular type of the GREG adjustment.

Let the population U be divided or post-stratified into
Q post-strata U_,q=1,-,0 . Denote the auxiliary data
as zhi:(ah”,---,ﬁhiQ)T where 8, =1if (k)€ U, and 0
otherwise. The adjustment factor for this calibration
method is

wig N,/ N,

a,, =% 8
q

‘where N, is the population count for the g-th post-strata
and N i~ 2wy, 8y, 1s an estimate of N,. The post-
stratified estimator of the total is

5 N 5
Yps = E: Wi Vi :Zq —1\7—(’ Yq, where Yq = E:Whi Vhi Shiq‘
q

We now illustrate the Taylor and linearized jackknife
methods for obtaining variance estimators with several
specific estimating equations. Note that the resulting
variance estimates are identical.

5.1 Post-stratified Mean

The sample estimating equation for the post-stratified
estimator of the mean is

NOE Es Wy (¥3,78),
with solution
E; Wy Vhi
Z_y Whi
= (UN) Zs Wi Ypio

since ¥ w, =N by the benchmarking property of the
calibration weights.

8=

To obtain a linearization variance estimator, first note
that

B - (Zs szhiZ:i)—! > WaiZ i1, (8)
- diag (N, O [Py, D) =8N, N,)T |
= (3 F) -8(1L, . DT

where j_= fq/f/ , 1s an estimate of the g-th post-stratum
mean. The error terms are given by

*

€ = uhi(é) Bz hi

:yhi_é‘Zp )-)pshiq+ é’

:yhi-zq )—)qahiq'
Finally note that J(8) = N. The linearization variance
estimator is then given by v(8) =v(N 'q,e,) which

corresponds to the well-known variance estimator for
the post-stratified estimator. :

5.2 The Ratio of Post-stratified Totals

The ratio of two post-stratified estimators is obtained by
solving the sample estimating equation

§(9) = Zs Wy (v =0 x,) =0,
where the underlying model is

E(y,)=0x,. V(y,, )=c* x,,.  The solution to this
estimating equation is given by

NS AN
Y, X YN X

Also J®) = X, x,, =X'PS. Next, note that
B=(3,,.9) -0k, %)
where x :)?q/ Nq. The error terms are then given by
€ =Yy ~0%, - Bz,

:yhi—exhi—Zq y{] Shiq- 0 Eq 5Zq 5hiq
= yhi-Zq 5)(] Shiq— 6 (Xhi - Zq )_Cq 8hiq)
and a linearization variance estimator is given by

v(®) =v(X Psl a,, e,;), where the error terms are as defined
above.



5.3 Post-Stratified Linear Regression

The parameters of a linear regression of y,; on x,, is
obtained by solving the estimating equation

$0) = Z: whixhi(yhi_xlfie)zzx Wy, 4, (0)=0

where the underlying model is E(ym):x:l.e and
V(y,) =0 The solution is given by

PN T -1

0 :(Es whixhixh[) ZS Whi%p Yhie
To obtain a linearization variance estimator, first we
note that J(8) =X w, x, x v The p-th component of the
error terms obtained from regressing u,,(8) on the
auxiliary data z,; yields ¢, = uh[p(é) - Eq aqp(é) 8 iy
where i, =(1/N) > 0) 8
variance

Wy, The linearization

uhip
estimator 18

s hig”
then given by
v(®) = v([J(?))]"ahie;i), where the error terms and J(6)

are defined above.
5.4 Post-Stratified Logistic Regression

The sample estimating equation is
SA(B):ZX Wy X 0~ ) w h e r e
By, = exp(xh,.TO)/(l +exp (x,”.TO)) =g, ( ). The solution
to this estimating equation can be obtained using the
Newton-Raphson algorithm. Note that
J(®) =X w1, (1-f,)x,x, where p,. = u, ( 0). The p-
th component of the error term is given by

eh:.p = uhip(@) - Zq L?qp(é) Shlq,
where B, 0)=(1/N)E w,u, (8)5,
variance estimator is then given by

A lnearization

V) - v([](é)]“l ah,,e,j,),
where the error terms and J(8) are given above.

6. COMPUTER IMPLEMENTATION

Some of the software that specializes in variance
estimation for complex surveys have been implemented
with the use of auxiliary data. They include the
Generalized Estimation System (GES) from Statistics
Canada, CLAN from Statistics Sweden, POULPE from
INSEE France and BASCULA from the Netherlands.
SUDAAN is currently the only software that
incorporates the use of estimating equations although it
does not use auxiliary information.

GES can compute the estimated variances of a ratio of
two estimated totals , where each one may have been
calibrated. The post-stratified estimator is the simplest
operation of this type. GES is currently set up in
modular form with respect to design, but not with
respect to smooth functions of totals that incorporate
auxiliary data. The design-modular form consists of
variance operators that can handle stratified unistage
cluster or element sample designs. Multi-stage sample
designs, with auxiliary data incorporated at each stage,
can also be handled with GES provided that the
sampling is stratified simple random sampling at each
stage.

Utilizing the framework of estimating equations as
presented in this paper, GES can be modified to consist
of the following four main modules under GREG
calibration:

1. A module to perform the weighting and to calculate
the adjustment factors, a, given by (3.1).

2. A module to estimate 6. Use of the Newton-
Raphson algorithm would automatically calculate
J(®).

3. A module to estimate the residuals, e/ given by
(4.3).

4. A module to estimate the variance of a total
according to the sample design used. The use of the
operator notation would allow us to extend the
estimator of the variance of a total to an estimator of
the variance of 6 as

V®) =v([J ®)] 'ae)).

The above steps can easily be extended to include model
groups and domain estimation (Estevao, Hidiroglou,
and Sidrndal, 1995).

7. CONCLUSIONS

Estimates of parameters of interest such as means, ratios
of totals and linear or logistic regressions parameters can
be obtained by solving suitable sample estimating
equations. This paper has provided linearization type
variance estimators for a general estimating equation
using both the Taylor procedure and a jackknife
linearization method. Results are spelled out for a
stratified simple random sample design. Extension to the
commonly used stratified multi-stage design will be
reported in a separate paper. The computer
implementation of the proposed method has been
outlined with the goal of including this new
methodology in Statistics Canada’s Generalized
Estimation System (GES).
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