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VARIANCE ESTIMATION FOR THE FINITE POPULATION DISTRIBUTION

FUNCTION WITH COMPLETE AUXILIARY INFORMATION

C. Wu and R.R. Sitter’

ABSTRACT

Jackknife variance estimators for the model-based estimator (Chambers & Dunstan, 1986) and the design-based
estimator (Rao, Kovar & Mantel, 1990) of the finite population distribution function, using complete auxiliary
information, have been implemented and their model and design consistency established, respectively. Operational
advantages of the jackknife in the model-based setting and better conditional performance of the jackknife in the
design-based setting are highlighted.
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RESUME

Les estimateurs analytiques et de type Jackknife de la variance pour l'estimateur basé sur le modeéle (Chambers et
Dunstan, 1986) et l'estimateur basé sur le plan de sondage (Rao, Kovar et Mantel, 1990) de fonction de distribution
dune population finie, en utilisant l'information auxiliaire compléte, ont été mis en application et leur convergence
selon le modele et le plan de sondage ont été respectivement établies. Les avantages opérationnels du Jackknife dans le
cadre de travaux basé sur le modéle et une meilleure performance conditionnelle du Jackknife dans le cadre de travaux

basé sur le design sont mis en évidence.

MOTS CLES : Basé sur le plan de sondage; Jackknife; basé sur le modéle; modéle de super population.

1. INTRODUCTION
This paper examines variance estimation for two
leading estimators of the finite population distribution
function using complete auxiliary information, the
model-based estimator of Chambers & Dunstan (1986)
and the design-based estimator of Rao, Kovar &
Mantel (1990). For the model-based estimator,
apalytical variance estimators are difficult to derive
and must be developed one-at-a-time for each assumed
superpopulation model. In the case of the simple linear
regression model, such an estimator can be derived
based on an asymptotic result of Chambers, Dorfman
& Hall (1992) and some results in Wang & Dorfman
(1996). See Wu (1999) for detailed discussions of this
estimator. This variance estimator is less than
desirable as it involves kernel density estimators, and
must be re-derived for each superpopulation model
considered. Rao, Kovar & Mantel (1990) gives an

analytical variance estimator for the design-based
difference estimator. _

We demonstrate that jackknife variance estimators are
an attractive alternative. In Section 3.1, we investigate
the use of the delete-1 jackknife for estimating the
variance of the model-based estimator and establish
consistency results. This method avoids the need for
kernel density estimates and remains operationally the
same for different superpopulation models. In Section
3.2 we similarly establish the consistency of the
jackknife for the design-based difference estimator for
some common designs. In the design-based case the
jackknife does not have as great an operational
advantage because the analytical variance estimator
can quite easily be extended to other models.
However, while investigating the small sample
performances of these variance estimators through
simulation studies, it has been shown that the jackknife
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displays better conditional properties in the design-
based case (Wu, 1999). We conclude with a brief
discussion in Section 4. All proofs can be found in Wu
(1999).

2. ESTIMATORS OF THE DISTRIBUTION
FUNCTION

Suppose that y is the characteristic of interest and x is
the auxiliary variable associated with y. The finite
population of size N consists of all pairs of (y, x;),
i=1,---,N . The finite population distribution function
of y evaluated at t is defined as the proportion of units
in the population with y values less than or equal to t,

Ft)=N -1 2721 I bl where [ 0 denotes the indicator

function. Let s be a sample of n units from the finite
population under a general sampling design and let
sdenote the non-sampled units of the finite
population. We assume that the auxiliary information
x; is known for all elements in the finite population
while y; is known only for i€ 5.

The paper of Chambers & Dunstan (1986) motivated
much of the later work. In their model-based
framework, x and y are assumed to follow a
superpopulation model. We will restrict attention to
the simple linear regression model,

y,=a+px +g,  i=1---,N, 2.1

where &5 are independent and identically distributed

E(g;)=0, Var(ge,)=c?and aand pBare
unknown superpopulation parameters.
Under (2.1), the model-based estimator of F (t)

ﬁm(z)v— 21N+ 221[ , )}

with

ies Jjes ies yist= ‘B i
is asymptotically model- unbiased,

where /3 = 2 N, _X/Ze; x; — %)

Rao, Kovar & Mantel (1990) proposed a design-based
estimator which is asymptotically both design-
unbiased under a general sampling design and model-
unbiased under a working mode! such as (2.1),

Fo(0) ———{27["1 +ZG Zn;‘éic},

A -1 -1
where .:z VPR [T Z

Gj kes K 1[5k<t ~a- ﬂlj}/ kexﬂ-k ’
5k<’ a- ﬁ/" /Ekex Ty

kE\ﬂ-
22@75._ x—x)(yi /Z l. x—x ,
a=5y-px, E=y, ~a—-8&x,,

= _ -1 A1~ z -1 /Z -1
X_Ziesn-i xi/zliesﬂ-i Y ie.rﬂ-[ Vi iesﬂi ’
and 7, 7, are the first- and second-order inclusion
probabilities.

The estimator ﬁd (t) was motivated as a difference

estimator. It is design-unbiased and usually has
smaller variance than the conventional Horvitz-

The model-based ﬁm(z) 1s

model-unbiased but design-inconsistent. Rao, Kovar &
Mantel (1990) demonstrates through simulation that

Thompson estimator.

the model-based ﬁm (¢) has superior performance in

small samples when the superpopulation model is
correctly specified but is much more vulnerable than

I:“d (t)to model-misspecification and can perform

poorly in large samples. Chambers, Dorfman & Hall
(1992) do a theoretical comparison under simple
random sampling and conclude that there is no clear
winner. Whether one chooses to work under a model-

based framework and use ﬁm (t)or a design-based

framework and use ﬁd (t), variance estimation will
need to be considered.

3. JACKKNIFE VYARIANCE ESTIMATION

3.1 Using the Jackknife to Estimate the Variance of
F ()= F ()

Let us consider var[ﬁm (t) — F(t)]Junder model (2.1).

First, note that we cannot ignore the variability
induced by estimation of & and f . Also note that

1
S e il o~ Sl
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F.(-F@)=

and thus var[F, (1) — F(1)] =V, +V,, where

z—var{ ZI } ’{((}i/__]’;));G(Z~a~ﬁxi)[l—G(t—a~ﬂx/)]

and

1| 1
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Typically the jackknife is applicable in surveys when f
= n/ N is small, which is often the case. By ignoring f,
we may induce a positive bias which will hopefully be
small. We will first consider this case, by assuming
f—>m=0. We will then consider the case where
7>0.

There are two things to observe if f — 0. First, that

V, =o(l/n) and second that



ﬁm (t) - (nN)_l zjeEZiex I{)’,-St—ﬁ(xj -x,-)] + 0]7 (nkl/z )

Thus, the leading term in both var[ﬁ‘m (t)— F(t)] and

var[ﬁm (£)lis V,. We are now ready to establish the

consistency of the jackknife variance estimator when
f — 0, Theorem 1 below.

Theorem 1. (i) Under certain regularity conditions and
model (2.1), and assuming f — 0,

1 )2
is a consistent estimator of var[ﬁm (t)—F ()], where

2 ) I — Z{ 2 [st-4 (x5 }

kes
ﬁi is calculated based on s;, the sample data with the

ith observation excluded, and F " = Z; F,.* /n.

n—
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. = F

Vim =
i=l

*
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() With the same conditions as in (i),
vy VPLE (D= F(@)]  converges to N(0,1) in
distribution.

Thus, in the case where f is negligible, one can use the
usual delete-1 jackknife variance estimator. The
regularity conditions used for the theorem were
described in Wu (1999).

Now, let us consider the case where f — 7z e (0,1). In

this case, we cannot merely apply the jackknife, as the
last term in (4.1) involves unobserved y’s and its
variance, V,, is not negligible. On the other hand, we
would prefer to avoid the problems with the analytical
variance estimators, which arise due to the first term of
(4.1) and estimation of its variance, V. It turns out that
we can combine the jackknife and analytical
approaches to get a variance estimator which is easy to
implement and consistent. We summarize this in
Theorem 2.

Theorem 2. (i) Under certain regularity conditions

and model (2.1), let v, :f(1~f f4/n and, where

{ quﬂw},

*ok

F.

kev

I,is a simple substitution estimator given in Wu

(1999), /3',- 1s calculated from S and

:Zn F‘**/n. Then v, ,=v, +v, is a
consistent estimator of var[F (r;&, ﬂ) F()]. (i)
With  the same conditions as in (i),
(vjmz) l/z[ﬁm (t)— F(t)lconverges to N(0,1) in
distribution.

Thus, we jackknife term 1 of (4.1) and analyticaily
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estimate the variance of term 2 with a substitution
estimator which does not require kernel density
estimation.

Generalizations of the simple linear regression model
in (2.1) to other more complex models can be made
easily under revised regularity conditions.

3.2 Jackknife Variance Estimation for 4 (1)

One crucial result for establishing the consistency of
jackknife variance estimator for F ', (t) is to show that

the estimated model parameters do not change the
asymptotical design variance. That is,
varlF, (6@, D)/ var[E, (t;, B)] =1, as  n—»oo.
Rao, Kovar & Mantel (1990) conclude (4.2) by
quoting a result from Randles (1982) which depends
on an asymptotical expansion that is unverifiable here
for a general sampling design. Wu (1999) has justified
{4.2) for some commonly used designs.

Once (4.2) have been established in this setting,
consistency of the jackknife variance estimator follows
quite easily. To see this, note that the asymptotic

design variance of ﬁd(t;a',ﬂ) is the same as the

{Ewl <,+2G }

w, =1, G, =N~ Z e <ima-pgi] 18
population characteristic and ¢, =y, —a- ﬁxj .
follows that var[F, ()]=varlN ™" w, (I}, o - G))]

is the design variance of a Welghted average.
Assuming  certain  regularity  conditions, the
conventional delete-1 jackknife variance estimator,

asymptotic design variance of
-2 G,
iEes

where a

It

denoted by vjd(G,.), will thus be a consistent
estimator of var[F, (t)] (Shao & Tu, 1995, p. 261,
6.1). The jackknife
estimator, v, (G,), can further be approximated by

replacing G; by G Z €k<t 5 ﬂx]/EkEka.

More formally,
Theorem 3. Let s, =s—{i} and

Theorem variance

(1) _ p-t ) VAo A
Fid =Ny, w4, G- iG]
with w,((i) =n{n—-1)" w,for kes;and w; @-0. For
single stage sampling satisfying

(nw-/N)zO (1),
v = 2Ly (0 - )



is a design-consistent estimator of var[ﬁd (t)], where

— O ~
A= Sl =l Bt 3,6, - S s

ies i€s i ey

One could also use the true delete-1 jackknife
variance estimator, v,;. That is, to merely delete a
unit and recalculate the estimator. In Theorem 3, we

do not quite do this as ék is not recalculated with

each unit deleted. We are able to do this because of
(4.2). If the sampling is in fact without replacement,
one may choose to multiply (4.3) by I- f.

The formulation of F ; (t) can be easily extended to

other superpopulation models and the corresponding
jackknife variance estimator is still design
consistent.

4. CONCLUDING REMARKS

Based on the theoretical development and our
limited simulation study, we suggest that, for the

model-based estimator ﬁm(t), the true delete-1

jackknife variance estimator v,,,; is recommended if
f1is small; in cases where fis not negligible, it is safe
to use v, although simulation results suggest that
Vimi Can also be used in these cases. v;; was included
in the simulation to serve the purpose of illustrating
the asymptotic results only, it should not be used in
practice. For the design-based case, in terms of
conditional performance, v, the true delete-1
jackknife variance estimator, performs the best.
However, it tends to have large positive
unconditional bias when F(t) is close to 0 or 1 and

n is not large.
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