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ON SAMPLING WITH UNEQUAL PROBABILITIES
CLOSE TO REJECTIVE SAMPLING

Y. G. Berger'

ABSTRACT

Sampling » distinct units from a population with unequal probability without replacement is a problem often
considered in the literature (e.g., Hanif & Brewer, 1980). In this work, we investigate this problem from the maximum
entropy point of view. First, we note that rejective sampling is maximum entropy sampling. We define the directed
divergence of a design from maximum entropy sampling. We will see that this measure implies interesting properties
concerning first and second order inclusion probabilities. After that, we compute a maximum value for the directed
divergence for Rao & Sampford sampling (Rao, 1965 and Sampford, 1967) and successive sampling (Hajek, 1964).
We show that these sampling methods are asymptotically equivalent to maximum entropy sampling.

KEY WORDS: Unequal probability sampling with and without replacement; Inclusion probabilities; Maximum
entropy; Poisson sampling; Rejective sampling; Successive sampling.

RESUME
L’échantillonnage avec probabilités inégales de » unités distinctes d’une population est un probléeme décrit
fréquemment dans la littérature statistique (p. ex. Hanif et Brewer, 1980). La présente étude vise a examiner
le probléme sous I’angle de Pentropie maximale. Nous notons d’abord que I’échantillonnage avec rejet est
celui qui présente P’entropie maximale. La divergence dirigée d’un plan d’échantillonnage est définie par
rapport a I’échantillonnage a entropie maximale. Nous montrons que cette mesure donne a penser que les
probabilités d’inclusion de premier et de deuxiéme ordres présentent des propriétés intéressantes. Nous
calculons ensuite la valeur maximale de la divergence dirigée pour I'échantillonnage de Rao et Sampford
(Rao, 1965 et Sampford, 1967) et pour I’échantillonnage répété (Hajek, 1964). Nous montrons que ces
méthodes d’échantillonnage sont asymptotiquement équivalentes a I'échantillonnage a entropie maximale.

MOTS CLES: Echantillonnage avec probabilités inégales exhaustif et non exhaustif; probabilités
d’inclusion; entropie maximale; échantillonnage de Poisson; échantillonnage avec rejet;
échantillonnage répété.

1. INTRODUCTION (A2) Y . Po=l;

Let U be a finite population of N units labelled is called a sampling design. Note that we only consider
i=1,..,N. A sample s is a sub-set of distinct units  sampling without replacement. Let n be the expected
from U. We note a sample as the following sample size; i.e.,

n=y, Pone.

s={iyshyendy s 2

where i is the label of the j unit in s. The number of ~ Moreover, Py is a fixed size design if P verifies
distinct components of s, n(), is called the sample size.  (A.1), (A.2) and

Let S be the set of all the samples, s, of distinct units

from U. Any function P on S satisfying (A3) P =0for all s such that ns =n,

(A1) P20 for all se S, (A4 Ps) =0for all s such that ney#n.
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n is a constant, fixed a priori, called the sampling size.
The first and second-order inclusion probabilities
are defined by
n(P)=Y Pwl ,

seS§

T, P)=). Pwl 1,

seS

where 1 =1 if iesand 0 otherwise.

Let X, be the value of a known auxiliary
characteristic for the i-th unit. In this paper, we treat
the case of w (P) proportional to a positive value X;;
ie.,

X,

X M
7] 1

n(P)=n
G

We also suppose that n.X, <X, ,X;- A sampling which
verifies (1) is called an unequal probability sampling
design. Very often, we prefer implementing such a
sampling because a common problem in survey
sampling is to estimate the total Y=Y Y, of an
unknown characteristic measured without error; Y,
being the unknown value of this characteristic for the
i-th unit of U. One of the best strategies is to use the
Horvitz & Thompson (1951) estimator, since the
variance of this estimator becomes zero, if Y, is exactly
proportional to X, and if 1 (P)’s are equal to (1).

In section 2, we start with general considerations
concerning entropy. In section 3, Poisson sampling
and rejective sampling are introduced and analysed
from the entropy point of view. Section 4 deals with
directed divergence and inclusion probabilities for
sampling which is not maximum entropy sampling. In
the last two sections, we compute a maximum value of
the directed divergence for Rao & Sampford sampling
and successive sampling; and we conclude that under
special conditions these sampling methods are close to
maximum entropy sampling.

2. INFORMATION AND ENTROPY
OF A DESIGN

Sampling from a finite population may be consi-
dered as a random experiment whose outcomes are
samples s. We gain some information from U because
we know that s occurred. Let I(s) give a quantitative
measure of the information gained if the event s results
from the outcome of the experiment. We impose three
natural requirements on I(s):

(1) 15y only depends on the sampling design Ps);
(i) 1+ is a continuous function of Ps);
(i) 15>0;

(iv) Is'and % =1y + [i+*yif and only if s'and s?
are independent;

) if Pisly < Pis?y then Y <[IisY).

The only functions that satisfy (i), (ii), (iii), (iv) and (v)
are

I=-Log,[P)] fora>1.

We choose a=Exp(l)=2.718... to be the base
throughout this paper.

The Shannon entropy (Shannon, 1948), defined by
Hp) is the expected value of the information.

H(P): «Z P LOg[P(f)] .

seS

We always assume that
0Log(0) =0. 2)

This means H) exists even if there is s such that
Pi)=0. We simply call H(p) the entropy of Pe). Hp)
represents the average amount of information contained
in the sampling design, P(). Since the function
-x Log(x) is strictly concave, there is a single
maximum entropy sampling for a set S*. Our aim is
to find the sampling design that maximises Hp).

Let S* be a sub-set of S. Let P be the
maximum entropy sampling, with (P ")’s for first-
order inclusion probabilities. P +) must be such that
Y <. P'®»=1. The usual method of the Lagrange

seS”

multiplicator gives (see Hajek, 1959)

P'o=][A ifseS"; 3)

i€s
where A, ’s are such that

E P‘(S)I,:ni(P') 4

seS”

since the function -x Log(x) is strictly concave, there
is a single maximum entropy sampling for aset S°.

A maximum entropy for a sub-set §** of §* can
be derived by means of conditionning. The following
lemma gives a formal expression of this fact.



Lemma 1 Let P ) be the maximum entropy sampling
for a set §* and with ©w(P")’s for first-order
inclusion probabilities. Thus the conditional sampling

P @w=c"Pwv,ifseS""

with respect to a sub-set S** of S°, is a maximum
entropy sampling for S*" with w (P"")’s for first-
order inclusion probabilities, where

T(P)=)Y P wl,
seS”

*

¢ "' is chosen as to achieve ESGS..P ©=1.

The proof is obvious using (3) and (4).

P "5 can be implemented by selecting a sample
accordingto P s). If s¢S**, we select a new sample
until s€S*". Note that usually the w,(P")’s are
different from w (P "")’s.

3. MAXIMUM ENTROPY SAMPLING

If no auxiliary characteristic is available, we take
n/N for first-order inclusion probabilities. In this case,
it is clear from (3) that the maximum entropy sampling
is the simple Poisson sampling,

n N n n(s) .
SPOs= 1-— ,withseS.
N N-n

This sampling is implemented by selecting each unit
with a probability n/N.

Moreover, if we want a fixed-size design with
maximum entropy, SP O¢s) must be conditioning. By
lemma 1, the maximum entropy sampling is given by

N n
SRS oc( t —ﬁ) ( " ) ,with s€S;
N -n "
where S, is the set of all samples of » distincts units
from U. As X _ SRSw = 1, itis clear that SRS is
the well known simple random sampling.

If an auxiliary characteristic is known for each unit
of the population, we prefer to use an unequal
probability sampling design with 7 ,,0)’s equal to (1).
We may use the same procedure as equal probability
sampling. In this case, the maximum entropy sampling
is given by Poisson sampling

POw =cwo) [] aro), with seS;

1EN

where
T (PO)

1

o P0) = APO) ———
1 -7 Po)

Apoy is such that Efi, a.r0) = 1 and c(ro) is chosen
as to achieve Zse sPOw = 1. Practically, Poisson
sampling may be easily performed by selecting each
unit with a probability equal to T 0.

If we focus our interest on fixed size design, the
conditional Poisson sampling gives the maximum
entropy sampling in the class of all the fixed size
sampling designs without replacement with first-order
inclusion probabilities fixed to (1).

R =cw [ a,w, forallses,; Q)
ies
where
PR
o R = AR ——
1-pw

where c(®) is such that X Ris)=1 and A is such
that % aw=1. In fact, Re is the rejective
sampling introduced by Hajek (1959).

We suppose that the drawing probabilities p,(») are
such that R(s) has first-order inclusion probabilities
equal to 7 (») and such that X, p.&)=n.

The p.»’s have to be distinguished from the
inclusion probabilities 1, &). It has been proved by
Dupacova (1979) that there always exists a unique set
of p, such that the first-order inclusion probabilities
of R are exactly equal to m»).

Hajek (1981) gives an approximation for the & (»)

which implies m® for first-order inclusion
probabilities.
TR
O (R)=C(R) .
! I-nw !
where =
T —T(R)
A=1+ +Od™,

N
d=E T® (1-1,w),
i=1

N
t=d'Y tw(l-tw),
i=1

where Ow ™ isanumbersuchthat d Q@™ -~ 0 if d - «.



Therejective sampling is performed by drawingeach
unit i, with replacement, with a probability proportional
to o r). If a unit was selected at a previous draw, we
reject the whole sample and start again until we have
selected a sequence of » distinct units. Thus R) is a
conditionalsampling with replacement. This implies that

1

CR = ——;
P(4)

where P(A) is the probability that the units drawn at n
independent draws are distinct if the drawing
probabilities {e,(®):1<i<N} areused. Theterm n! is
due to the fact that there are n! permutations of the
element of asample s having the same probability R(s).

Of course, rejective sampling is impracticable since
the probability of rejecting a sample may be too large.
Finally, rejective sampling is to sampling with varying
first inclusion probabilities what simple random
sampling is to sampling with constant first inclusion
probabilities. Moreover, when sampling with varying
probabilities without replacement is used, the difficulty
is due to the fixed sample size.

4. DIRECTED DIVERGENCE

But most sampling methods used in practice are
different from rejective sampling. One now wishes to
find fixed size designs which are as ‘close’ as possible to
the rejective sampling R(). We define the measure of
‘closeness’ of asampling method Ps) to Res) by,

Py 7
D(PﬂR)ZZ Pis) Log ; ™
seS, R

D¢piry is called the directed divergence of Ps) from Rys).
By (5) we see that R>0 for all s€S,. Thus if there
exists s€ S suchthat P(s) = 0, D(ryr) still exists since we
have the assumption (2). D(rr) represents a positive
quantity since Log(x)> 1 -x "'. Moreover,

Diry =0 if and only if Pis)=Rs) ®

for all seS,. We can prove (8) by considering the
function Log(x) and itstangent x - 1 atpoint x = 1. That
implies

Rl R

-1-0¢),
P | P(s)

Log

where 8(s)> 0. Thus

Dein =Y, P)ds).
s€S,
Now, observe that d(s) =0 ifand only if P(s) = R¢s). Thus
(8) follows.

What happens if the directed divergence of a
sampling design tends to zero? We will see that in this
case, such adesign has interesting properties.

Consider arrays {n,,n,, .. ,n,, ..} and

{N,,N,,..., N, ... } tobesequences of sample size
and population size, where n, and N, both increase as
koo, For the sake of simplicity, we shall suppress the
dependence onk.

Lemma2

Z | Psy-R| < /2Dyry .

seS,

One may find the proofin Kemperman (1969).

With the following theorem, we can conclude that if
Dweyry~0 as k—o, then the first-order inclusion
probabilities of P(s) are asymptotically equivalent to the
first-order inclusion probabilities of R¢s). We may
conclude the same with second-order inclusion
probabilities.

Theorem 1

Sup, | m»-nw®| < 2DE1),
Supi | TP = TEU—(R)I S‘/ZD(PﬁR),

where T (P) s are the first-order inclusion proba- bilities
of the design P(s); ™, () ’s are the respective second-
order inclusion probabilities of the design Ps; TR 'S
and T, (R) s are the first and the second-order inclusion
probabilities of the rejective sampling.

By lemma 2, using triangle inequalities, it is clear that

E [P -Rwll, < 2Deny,

s€S,
Z [Re)-P}l, < ‘IZD(PHR)-
s€S,

These two last inequalities imply that

—‘/ZD(PHR)<1ti(P) -,< ‘/ZD(PM)
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which implies the first part of the theorem. By asimilar
method, we obtain the second part of the theorem.

5. DIRECTED DIVERGENCE OF RAO &
SAMPFORD SAMPLING

In Rao & Sampford sampling, Q) is a fixed size
design defined by

Q)
1-m’

®

I

J€s

Ow=c©

Yy Tt,»@)]

i€s

forall se S, (see Hajek, 1981, p87), where c(0) issuch
that > _, O = 1. The first-order inclusion probabilities
of Q) areequal to 1t (o) (see Hajek, 1981).

We can perform this sampling by selecting the first
unitwith drawing probabilities 7t )/n (i=1,...,N). The
remaining n-1 units are drawn with drawing
probabilities  proportional to T /(1 -7,©),
(i=1,...,N). Weacceptthe sample if the units drawn are
all distinct; otherwise, we reject s and start over again.
This sampling is a modified rejective sampling. This
modification is used to achieve precisely a set of first-
order inclusion probabilities. The Rao & Sampford
sampling is simpler than rejective sampling as it doesn’t
require computingthe o (»).

The following theorem gives a maximum value for
the directed divergence DiR).

Theorem 2

P2 = |ITt
Doim<—=-p. | —+0w™hl,

where
= 71 N
Py = d(p;n) Z P, (1-1w), 10)
i=1
p Iy 1
Py = d(p;rr) EP,-(R)ZTI,(R)(l—TEi(R)), an
i=1
3 12
dpim =), pw (1-mw), (12)
-1

Q) is the Rao & Sampford sampling with first-order
inclusion probabilities 1) s equalto p®)s.

With this last theorem, we see that D) -0 if d—.
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Thus by theorem 1, the first-order inclusion proba-
bilities of Q(s) can be approximated by 1. We conclude
that the Rao & Sampford sampling is close to rejective
sampling, for T =p,®).

6. DIRECTED DIVERGENCE OF SUCCESSIVE
SAMPLING

The successive sampling denoted by Ss) is a fixed
size sampling design defined by (see Hajek, 1981)

Sy =Jw@:» Il ey, for all seS , (13)
ies
where,
Jan= Y. mle, @), ..., @], (14)
o(iy,--ni,)
mle, ®,....,¢ @] = [1- @] (15)
-1 -0, (R *aiz(R)]...
-1 0, (R -0, (R~ _l(R)]
and
N
Yy am®=1.
i=1
by is the sum over all permutations of {7,,...,7 }

ofi;,...1,) N i
ofall elements contained in the sample s.

Successive sampling is implemented by selecting
each unit by independent draws with the drawing
probabilities o, (®), ..., &, (®) . This sequence ofdraws is
continued until there are n distinct units in the sample s.
Successive sampling removes the disadvantage of
rejective sampling that lies in the frequent rejection ofa
part of sample in the case when a replication occurs. By
comparing (5) and (13), we see that the successive
sampling is notamaximum entropy sampling since J(«;s)
dependsons.

The following theorem gives a maximum value for
the directed divergence.

Theorem 3 Let
_ Knn-1
N

t

<1,

|

we have,

Diin< Log {—};—(A—t)

(16)



and

P4
P(A)< 1< 1(_ ), an
where K is such that
Max, o (R)
=<K for all N. (18)
Min o (R)

We suppose that K exists and is independent of N.

Assumption (18) is common; indeed, we may find
the same assumption in Rosén (1972, p380).

If -0, by (17) and (16), we have P(4)-1 and
D¢siny—~0. Thus the successive sampling is close to
rejective sampling. The asymptotic approach adopted
hereis 70 it can be achieved if n2/N-0.

Furthermore, using theorem 1, if #~0, the inclusion
probabilities of this sampling may be approximated by
the inclusion probabilities of the rejective sampling.

7. CONCLUSION

The rejective sampling is the maximum entropy
sampling in the class of all the fixed-size sampling
designs without replacement with fixed first-order
inclusion probabilities. We propose interesting results
concerning Rao & Sampford sampling and successive
sampling. We show that these sampling methods are
close to maximum entropy sampling. We also give a
sufficient condition for inclusion probabilities of any
design to be asymptotically equal to inclusion
probabilities of rejective sampling.
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