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A COMPUTER ALGEBRA FOR SAMPLE SURVEY THEORY
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ABSTRACT
A system of procedures that can be used to automate complicated algebraic calculations frequently encountered in
sample survey theory is introduced. It is shown that three basic techniques in sampling theory depend on the repeated
application of rules that give rise to partitions: the computation of expected values under any unistage sampling
design, the determination of unbiased estimators under these designs and the calculation of Taylor series expansions.
The methodology is illustrated here through applications to moment calculations of the sample mean, the ratio
estimator and the regression estimator under the special case of simple random sampling without replacement. The
innovation presented here is that calculations can now be performed instantaneously on a computer without error and
without reliance on existing formulae which may be long and involved. One other immediate benefit of this is that
calculations can be performed where no formulae presently exist. The computer code developed to implement this
methodology is available via anonymous fip at fisher.stats.uwo.ca.

KEY WORDS: k-statistics; Partitions; Product moments; Ratio and regression estimators; Symbolic computation;
Variance estimation.

RESUME

Un systéme de procédures qui peut étre utilisé pour automatiser les calculs algébriques compliqués qui sont
fréquemment rencontrés dans la théorie de ’échantillonnage est présenté. On démontre que trois techniques de base
dans la théorie de {"échantillonnage dépendent de {’application répétée de régles qui donnent lieu a des partitions: soit
le calcul de valeurs espérées dans un plan de sondage a un degré, la détermination des estimateurs sans biais dans ce
contexte et le calcul des moments pour le calcul des séries de Taylor. La méthodologie est illustrée ici par des
applications sur le calcul des moments pour la moyenne échantillonnale, I’estimateur par le quotient et I’estimateur
par régression dans le cas de I’échantillonnage aléatoire simple sans remise. L’innovation présentée ici est que les
calculs peuvent étre faits instantanément et sans erreurs par un ordinateur, et sans dépendre des formules existantes
qui peuvent étre longues et ardues. Un boni supplémentaire réside dans le fait que les calculs peuvent se faire méme
1a ot il n’existe pas de formule. Le codage informatique qui a été développé pour cette méthodologie est disponible
via “ftp anonymous™ & I’addresse fisher.stats.uwo.ca.

MOTS CLES:  Statistiques-K; partitions; moments mixtes; estimateurs par quotient et par régression; calcul
symbolique; estimation de la variance.

1. INTRODUCTION central moments and k-statistics.

For convenience

Consider a finite population of size N. A
measurement of interest y is made on each unit
J,j=1,..,N. In addition, a single auxiliary variable X,
or possibly a g x 1 vector of auxiliary variables X,
may be taken on the units. The u-th entry of this vector
x, is X, where u=1, ..., g. Several kinds of finite
population parameters may be defined on the
measurements Vs X, 00 X, for j=1,...,N. We denote
a finite population parameter of interest by 7. Often T’
can be expressed as a smooth function of means,
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here, we will deal only with means and k-statistics.
Note that finite population variances and covariances
are also second order k-statistics. Not all N population
elements are observed. Suppose that a sample s of size
nis chosen by some sampling scheme. An estimator of
T, given by ¢, is a smooth function of sample means
and k-statistics.

In sampling theory, two general problems concern
us. These are the calculation of moments of 7 and the
determination of an unbiased estimator of 7. The basic
method to handle expectations and unbiased estimation
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is to operate on sample and population nested sums
respectively through inclusion probabilities denoted by
7. A nested sum is a sum over a set of indices that are
all unequal. The subscripts of the inclusion probability
T show the units considered for inclusion. For
example, T is the probability of including units j, k
and / in the sample. In terms of triple nested sums, for
example,

N
E E xujkaxwl - Z Tc_/klxu_/ kaxw/ (1)
Jy€s Jy=1
and
N
Z x".l ka xWI - Z xuj Xk Xwi /chkl (2)
J3=1 Jies

for designs of fixed sample size, where “~” denotes
“estimated unbiasedly by” and where J; is the index
set {j,k,I} suchthat j# k# /. Parallel expressions may
be established for with replacement sampling schemes.

Now the sum of any product of means can be
expressed in terms of linear combinations of nested
sums and vice versa. Schematically, this may be
represented as

YI-Y¥ =¥, 3)
where XII denotes the sum of products and LY
denotes a sum of nested sums. If 7 or ¢ can be
expressed as a 211 quantity, i.e., a sum of products of
means, then finding an unbiased estimator of T or
moments of ¢ reduces to following the schema in (3)
and applying the appropriate operator, such as those
given in (1) or (2), to XY, the middle step in the
schema. If T or t are smooth functions of means but
cannot be expressed directly as YTl quantities, then an
initial step is required before applying the schema in
(3). For ¢, the initial step is to obtain a Taylor
expansion of t. For 7, the initial step is to obtain an
estimating equation and then to linearize it. An
alternative approach to the estimation of 7 is to obtain
a consistent estimator by replacing each mean in T by
its unbiased estimator.

In sampling theory, as well as several other areas of
statistics, many algebraic calculations depend on a
partition of some kind. With particular reference to
sampling, Wishart (1952) showed that basic moment
calculations under simple random sampling without
replacement relied heavily on partitions. Here we will
use partitions to express X.II in terms of XX, or 1%
in terms of XII in the schema in (3). We also use
integer partitions to obtain terms in the Taylor
linearization of a function.
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In general, whether these partitions are simple
partitions, like that of an integer, or more complicated,
like a full partition, each results from the repeated
application of a fundamental rule. When the rule is
identified, the possibility of automating a calculation
arises. Seemingly unrelated formulae can result from
the same fundamental rule and one computer algebra
tool can be constructive in implementing many
different calculations.

The concept of partitioning is reviewed in section
3 and a rule is provided which leads to a simple
recursive method for the enumeration of partitions.
Integer partitions and Taylor linearization is discussed
in section 4. It is shown in section 5 how the
enumeration of partitions leads to the automatic
calculation of expected values of products of sample
means and k-statistics and to the derivation of unbiased
estimators of products of finite population means and
k-statistics.  Also in this section, we apply the
methodology to ratio and regression estimation.

Automation of these calculations and derivations
will provide procedures which can be performed
instantaneously and without error on a computer. Also,
the reliance on formulae which may be long and
involved is eliminated. A great deal of handwritten
algebra can be avoided. All computer code for the
implementation of the methodology described here was
written in the symbolic package Mathematica 2.0
which was installed on an IBM Risc 6000 with 64
megabytes of RAM. It is available via anonymous ftp
at fisher.stats.uwo.ca. Although we use Mathematica,
implementation in other environments such as Maple,
Macsyma or Reduce is no doubt possible. For
example, Kendall (1993) describes a system,
implemented in Reduce, for the identification of
invariant expressions. For a complete review of
computer algebra in probability and statistics prior to
1991, see Kendall (1993).

2. SOME NOTATION

In order to avoid much cumbersome summation
notation, we adapt the index notation of McCullagh
(1987) to our purposes. For any j, the vector x
contains g entries so that each of these x-variables may
be associated with one of the g indices. Suppose
{i,,...,i _} is a subset of m of these g indices. When
we deal with a small number of these indices we will
use the letters », v and w so that i, =u,i,=v, and i;=w.
We reserve the subscripts j, k and / to represent finite
population units. In our adaptation of McCullagh’s
notation, x,, is now what we called the vector x,.



Products of these indexed quantities become
multidimensional arrays. For example, the expressions
in (1) and (2) are all three-dimensional arrays of
dimension g X g x gq.

Let M denote a finite population mean. The
argument of M shows the structure of the summand in
the mean. For example, M(y):zj[il Y, / N and
M{(yy)or equivalently M(yz):zjl\il yzl, / N. In index
notation, for example,

N

leu]x s
1=

I
Mx x x )=—
( )N

v 4)
is a three-dimensional array. An element of this array
is the mean of products in one of the permutations of
the g elements taken three at a time in X, The sample
mean is denoted by m so that, for example,

Vwaj .

m(x, x x )= 1 qu X
N jes 4
Note that m will be unbiased for the associated M
under simple random sampling without replacement. In
general, for any sampling design of fixed size n,

Elm(x x x

uy

x.x /7).

W v w

=2 M
n
For the purpose of making asymptotic expansions,
we define a standardized variable as the original
variable centered about its expectation and scaled by
1/y/n. In particular, for any random variable X we let

2X)=[X-E(X)lyn . &)

When necessary we use the summation convention
of McCullagh (1987), where subscripts repeated as
superscripts indicate implicit sums over that index. As
a particular example, on assuming that the x  are
independent and identically distributed vectors from
some infinite superpopulation, multivariate super-
population moments can be obtained through the
moment generating function which is expressed in this
convention as

MGF®=1+T p, ..., t" ot IR (6)
h=1

The third order noncentral moment array, for example,
is given in index notation by

a3
=———  MGF(|,_,,
Huvw ot o1t @l ™
where i =u, L,=v and iL;=w. By definition, the
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relationship between the moment generating function
and the cumulant generating function is determined by
the rule MGF(f)=exp {CGF(2)}, where

CGF{t)=Xx, .., t"..t" Ih!
h=1 1 h

(3

is the cumulant generating function. In (8) the
summation convention of McCullagh (1987) is again
used. The three dimensional array of third order
cumulants, for example, is given by

.2

- 9% _cGFp| ..
R ®l,

&)
where , 7, =u,i,=v and i, =w.

The finite population k-statistics denoted by K(*)
are defined as the unbiased (under the i.id.
superpopulation model) estimators of the associated
model cumulants. The number of arguments in X
separated by commas denotes the order of the k-
statistic. For example, the third order k-statistic
K(x,,x,,x,) is the model-unbiased estimate of (9),

where
N

(N-1XN-2)
N
x 21 [x,, - M(x )} x, - M(x)][x,, - M(x, )]-
j-

Kix, x,x,)=
(10)

In the univariate case, finite population 4-statistics are
described in Wishart (1952). In particular, K(y,y) and
K(y.y,y) in the current notation are K, and K, in
Wishart's (1952) notation. The sample k-statistics,
denoted by k(-) with the appropriate arguments, are
defined as the unbiased estimators under simple
random sampling without replacement of the associated
finite population k-statistics. As in Wishart (1952), the
sample k-statistic can be obtained from the population
k-statistic upon replacing N by » and upon taking the
sum over jes rather than all units in the finite
population. For example,

n

(n-1)(n-2)

x Tfx,, - mCe %, - 1, -m,)]
Jjes

k(x, x, x, )=

Note that if a comma is not present in the population or
sample k-statistic, then the product of elements which
appear together is required. For example, K(xy) is the
first order finite population k-statistic of a new variable
which is the product of the measurements x, and ¥, for
j=1,...,N;K(x,y) is a second order k-statistic, in parti-
cular the finite population covariance between x and y.



3. PARTITIONS AND FUNDAMENTAL
PROCEDURES

Central to the automation of all algebraic calcu-
lations considered here is the notion of a partition.
Partitioning as a focal point gives the appearance that
the automated methods presented here are nothing
more than an integer partition or a partition of an index
set. While we assume that a partition of an integer is
understood, a full partition requires a more formal
definition. Consider a set of m indices I={i,...,i}.
A single partition P of I divides the m indices into
k < m mutually exclusive and exhaustive subsets or
blocks of /. We write P_=(b,|b,| ...|b,), where the
by,..,b, are the blocks of / . P _ is unique up to
permutations of indices within the blocks b.. The
block b, is comprised of a subset of the indices of I .
Elements within a block may be constrained to an
alphabetical ordering and the blocks themselves may be
ordered such that leading elements of each block are
ordered alphabetically. This ensures the uniqueness of
the partition P, . In this case P, would be called a
standard ordered partition. Ordering the partitions in
this manner does not offer any computational
advantage and hence is not a requirement in what
follows. The full partition of I is the set ©  of all
single partitions P of I .

Now we may identify the full partition of /_ in an
algorithmic way via an inclusion-exclusion rule.

i. Let @ ={i}.

il. An inclusion-exclusion rule determines the contri-
bution to ®, by a partition P €@, . In the
inclusion part of the rule, the new index i, is added
as an element in turn to each of the blocks
b,...,b, which comprise P_,. If P, has k
blocks, k partitions for ®, are created. In the
exclusion part of the rule, a new block containing
the single index i, is added to P, ,.

For example, the full partition of I,={u,v,w} is
given by the steps

i 0, ={w)}
i ©,={(uv),(u|v)} (11)

iii. ©,={(uvw),@v|w),(uw|v), | vw),(u|v|w)}.

From step (i) to step ( ii ), the inclusion rule results in
the partition (xv) and the exclusion rule results in
(u|v). From step ( ii ) to step ( iii ), the inclusion rule
results in the creation of the partitions (uvw), (uw|v)
and (u|vw). The exclusion rule yields the partitions
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(uvlw) and (u|v|w). This type of construction is easy
to automate since it depends on a simple rule. Details
of automating the partition of indices into full partitions
and complementary set partitions are given in Stafford
(1996).

Consider, for example, the classical problem of
writing the model moments of the random vector x__ in
terms of its cumulants. As in (7), we can identify the #-th
moment array by differentiating MGF(¢) in (6) h times
and setting ¢ equal to the zero vector. The result is the
h-th coefficient in the expansion of MGF(r).
Equivalently, we can apply the same operation to
exp{CGF(®)}. In this case, the result is a sum that
depends on the coefficients of CGF(f) in (7). For
example, we may write the first three moments in terms
of cumulants as follows:

B~ K,
“MV: KMV+KHKV
“MVW: KMVW+KMVKW+KMWKV+KMKVW+KMKVKW *

Now in each case, the result is a sum over the full
partitions given in (11). These partitions arise since the
multiplication rule for differentiation mimics the
inclusion-exclusion rule for the enumeration of the full
partition.

In sampling theory, consider the problem of
finding the expected value of a product of sample
sums. The calculation requires expanding the product
of the sums to identify terms where the finite
population expectation operator will behave differently
due to differences in the values of inclusion
probabilities and joint inclusion probabilities. For
example, the product of sums . x, 3 x 3 x can
be expressed as

Xyt Y xujxvjxwkfz X, X
Jrkes Jrkes
+ Xx,x + X X XX

uj vk
Jrkes Jrkzles Y

Exujx
€s

‘ vk ij
J

(12)

v ij e
The result corresponds to the full partition of the
indices I,={u,v,w} given by €, in (11). The order of
the partitions in €, is the same as the order given for
the terms in (12). For each partition in ;, the
variables in the same block have the same second index
in the appropriate term in (12). For example, the
partition (uw|v) corresponds to the term
ZF kes X4y Xy X,,; i (12). Each term in the result can be
identified by a partition of I, and each partition
determines the manner in which the expected value
operator will behave.

In general, we want to expand products of the form



I ,Z}esx, ;» where the product is taken over the
elements i "of the index set I ={i,...,1 }. Asin(12),
the product can be expressed in terms of the full
partition of /. This is because the iterative rule for
expanding a product of sums mimics the inclusion-
exclusion rule.

The expansion of the products of sums through
partitions is demonstrated inductively as follows.
Assume the product of the first -1 sums can be

expressed as a sum over the full partition of the index

set [_,={i,,...,i,_,}, in particular
H(Zx )= b3 Xy (13)
r=1 jes i P,_ €9,
The term X, is the sum identified by the partition
P =(b]. ]bk) The blocks b, indicate groups of

variables with the same second index and so P,_,

induces an index set J,={j,,...,j,} of second 1ndlces

We can write
X,

Pl»l

Y (JIx)

Ji*eriEs jed, (14)

where X, is a product of x's defined by the block b
that all have the same second index. To illustrate (14)
consider, for example, the third term of (12). Here
P, =(uw|v) and J,={j,k} so that in (14) the sum is
taken over j#kes and the multiplicands of the product
are X, =x, s %, ,and X, =x . Returning to the general
dlscussmn when elther Slde of (13) is multiplied by

Z,ﬂx, the product of the first 1 sums is obtained.
Now the product X E s X, ; can be expressed as
k
X (Xx H X,)
J17 P iES l=1 ' jed, 5 (15)
+ Y (IT x, X,
NPt i€ jed, b e l

The first term in (15) corresponds to the inclusion part
of the rule and the second term in (15) corresponds to
the exclusion part of the rule. When (15) is summed
overall P,_e®, ,,the result will be a sum over the full
partition of the first ¢ indices given by 7, i.e., the sum
overall P €®,.

Once the product of sums, [ 12X, 08
expanded into a sum of nested sums, the finite
population expected value operator can be applied to
each term so that the expected value of this product can
be obtained. The expected value under simple random
sampling without replacement of the product of sums
results in a weighted sum of nested sums, with each
sum taken over the finite population. We then wish to
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evaluate these nested sums. In general, we wish to
evaluate the nested sum Z Y, where J, is the index
set {]1,. ,]} The sum is taken over alljl .. #J, with
each j =1,..,N. The summand Y is the product

i l i
"In’ the specnal case when ¢ =3 or J;={j,k,/}, the
nested sum can be written in terms of full sums as

N N
by Yo b3 Y= X Xy ek Xt
Jy Jrkri=1 Jrh=l=1
N N N N N
=YXx, Lx, Yx -Yxx Yx, (16)
J=U "=l =1 j=1 j=1
N N N N N
- Yxx, Xx, -Yx, Yxox +2 5_:' X, XX,

Note that the full sums in the rightmost expression in
(16) result from the full partition €5 in (10). The order
of the partitions in @, is the same as the order of the
terms on the right of (16). The subscripts on the right
of (16) denote the block membership in ©;. For
example, the %artltlon (uw|v) corresponds to the term
Z;V:[xujij 1%, in (16). Note also from (16) that
the determination of a nested sum is complicated by the
additional determination of the appropriate coefficients
of the full sums.

In general, the evaluation of finite population
nested sums results from the repeated application of the
rule

N ! N N
Y (k- T (x, (Ex,)
I NS O FEUE S A o A o B
N 1=1 -1 (17)
- X [Xx j,(szj)]'
It =l 1= sl T

This expression mimics the inclusion-exclusion rule
where the first set of sums on the right follows the
exclusion part of the rule and the second set follows the
inclusion part of the rule. Repeated application of (17)
yields

Z (Hx ) E ( 1)1‘”“1)1]

N2 g= o=l W Pe®,

(18)
<L ey 1—1)'2(Hx n

J=1ieb,

where |J|,|P,|,and |b,| are the number of indices in
J,, the number of blocks in the single partition P, and
the number of elements in the block b, respectively.
The operations carried out in finding an expected
value according to the schema in (3) are illustrated in



the simple case of finding E[m(xu)z] under simple

random sampling without replacement. The first
operation is to express
2 _
m(x,) ~—Zx_ +— b)) Xy Xk (19)
n-jes n?j kes

using (13), (14) and (15). On applying inclusion
probabilities 7 =n/N and T =n(n-1)/[NM(N-1)], the
second operatlon yields

1 ng 2 1 D ¢
_E Z llj n(n ) xu/ uk * (20)
22N Y NV,
On using (18) so that Z‘k Xy X T lelxu/. EJAilxw
—Z -1%,, X, the third operation yields
2 _Mn- 1) 2,
m(x Mx)).
(())(Nl) M(x,) + (Nl)() @

In (21),M(x, )=K(x ) and M (xu2 )=[M(N-1D)]K(x,,x,)
+K(x,)K(x ) so that (21) can be reexpressed as
E(m(xu)z) :K(x")z +HN-mK(x,,x )/ (Nn). 22)

u?

In general, partitions may be used to express means in
terms of k-statistics and vice versa.

Following the schema in (3), the operations for
finding an unbiased estimator of, for example, M(xu)2
is similar to (19), (20) and (21). The estimand M(x, )’
is expressed in nested sums similar to (19). These
sums will be nested finite population sums. Similar to
(20), the inclusion probabilities are applied. In this
case, the finite population sums are replaced by sample
sums and the summand is divided by the appropriate
inclusion probability. Finally, similar to (21) the
resulting nested sample sums are expressed as products
of sums.

4. INTEGER PARTITIONS AND TAYLOR
LINEARIZATION

Suppose that under some sampling design, an
estimator ¢ of a parameter T is of interest. The
methodology described in sections 2 and 3 may be used
in moment calculations for ¢ or to find unbiased
estimators of these moments. Only in the simplest
cases can this methodology be applied directly.
Typically ¢+ must be linearized so that it becomes a
polynomial function of sample means or sums which
are Op(l) random variables with respect to the
sampling design. Once ¢ is linearized in this way, the
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methodology of sections 2 and 3 is applicable.

The objective of the linearization is to write f as an
asymptotic expansion where terms descend in order by
1/y/n, specifically

t=ty+t,\n+ty/n+ ..,

-il2

(23)

where ¢, is the coefficient of the n ™ term. Typically,
t is a product of quantities that can also be expanded in
this way. For example, if the measurement of interest
is y and one auxiliary variable x is present, then T
might be M(y) and the auxiliary information available
is M(x) as well as X, for jes. Then t=M(x)m(y)/ m(x),
the simple ratio estimator, is a product of three
quantities M(x),m(y) and 1/m(x) all having
asymptotic expansions of their own. The expansion of
M(x) is itself. From (5), the expansion for m(y) yields
M(y)+z(m(y))/y/n. The expansion for 1/m(x) results
from (5) and then applying a Taylor expansion to
[M(x) + 2(m(x))/y/m] .

In general, any expansion of a function with
sufficient regularity can be found if operators are
defined to expand a function, say g(&) where é is itself
an expansion. We are interested in expanding
functions of the form

14
g&)-11¢ (24)
g=

where ¢ itself has the expansion D3 08, n 2. In

linearizing ¢, the basic requirement is to define an
operator that returns ¢, in (23). The efficiency of this
operator derives solely from a rule for expanding
functions of the form given in (24). The calculations
required are functions of integer pamtlons For
example, the 1/n term in the expansion of Hl 1€ is

€21€02€03 €01922€03 T€01€02€23 1 €1€12€13

(25)

T€11€02€137€01€)2€13 -

Collecting first indices for each term in the sum results
in a list in which each element sums to 2: {(2,0,0),
(0,2,0), (0,0,2), (1,1,0), (1,0,1), (0,1,1)}. On noting
that the order n» "'? term in any expansion €& is
actually the (i + 1)-th term in the sum X o€, T2 we
may modify the list derived from (25) so that entries
identify the position of terms in a sum. The
modification is to add 1 to each index value in the list.
In the list derived from (25), this results in all partitions
of the integer 5 into 3 blocks: {(3,1,1), (1,3,1), (1,1,3),
2,2,1),(2,1,2),(1,2,2)}. In general, the i-th term in the
expansion of [[7,¢ or &, where p is a positive
integer, is a sum over all partitions of the integer i +p
into p blocks. Consequently, using this methodology,



any term in the expansion of, for example, the ratio
estimator can be found.

We illustrate this technique with ratio and
regression estimation. The ratio estimator is given by

M(x)m(y)/ m(x) (26)

and the regression estimator by

k() +b[K(x) k) k() - XD (k) -kx)) 27
kx,x)

in the notation of k-statistics.

On using (5), the ratio estimator (26) may be
expressed as

-1
M(x)[M(y)+z—(y—)] {M(x)i(‘;—)] . 28)

n n

The expression in (28) may be expressed in terms of
(24) with p = 3. The first term in (28) is the expansion
Yioe,n~""? with ey =M(x) and e,,=e,,=...=0. The
first term in square brackets in (28) is the expansion
Y e,n"? where, e,=M({),e,=2(m(y)) and
e),=ey,=...=0. The second term in square brackets is
the expansion X e n "'* where e,=(-1)z(m(y))
/M(x)"!. To get the 1/\/n term in the expansion of
(28), in which case i = 1 and p = 3, we need to find the
integer partitions of 4 in blocks of 3. This yields the
partitions (2,1,1), (1,2,1) and (1,1,2). On subtracting
I from each index value in the list, we obtain the list
(1,0,0), (0,1,0), (0,0,1). Therefore, the required term in
the expansion is (e,,€,,€,;+€5,€1,€03 +€0,€02€13)/ J/n or
equivalently [z(m(y)) - M(y)z(m(x))/ M(x)]/(J/n. The
1/n term is obtained from (25) which reduces to
[MO)2(x) | M(x)? - 2(x)z(y)! M(x)] /7.

The regression estimator in (27) may be expressed
as

PRYELON

n

X[K(x,x)+z(k(xsx>)

n

K(x,y)+ Z(k(}y))
n
REUE)
Jn

(29)

using (5). The terms in the square brackets in (29) can
be expanded in a similar fashion to the ratio estimator.
In this case, the terms in the expansions become:
eg = K(x,y), e, =z(k(x,y)) and e, =e; =... =0;
e, = (- z(k(x,x))/K(x,xY*" for i=0,1,2,..;
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and ey, =0,e, =2(k(x)) and ey =ey; =...=0.

Consequently, the 1/y/n term in the expansion of the
terms in the square brackets in (29) is

K(x,y)z(k(x))
K(x,x)/n

and the 1/n term is

1 [2ke,p) |, K, y)athe, )zthi) |
n l K(x,x) K(x,x)?

These were obtained by the same argument that was
used in the ratio estimator.

5. MACHINE APPLICATIONS TO THE
CALCULATION OF EXPECTED VALUES
OF SAMPLE STATISTICS AND THE
DERIVATION OF UNBIASED ESTIMATORS

Since the machine application to the methodology
described in sections 3 and 4 was done in the
programming language Mathematica, we give a brief
description of the operation of Mathematica. Then we
describe the operators that were developed in
Mathematica to provide a computer algebra for survey
sampling theory.

Programming in Mathematica is carried out using
expressions of the form h[e|,e,,...] where the object
h is called the head of the expression and the ¢'s are the
elements of the expression. Note that all Mathematica
commands and output are written in a different font
here to distinguish them from the regular text.
Expressions may be built into the Mathematica
programming language or may be defined by the user.
Either type of expression begins with an upper case
letter. For example, two built-in expressions which we
use frequently here are Expand { ] and Simplify

[ 1. The expression Expand [ 1 expands out
products and powers of the element in the square
brackets and the expression Simplify [ ] performs
some algebraic manipulations on the element in the
square brackets and returns the simplest form it finds.

We have developed a number of machine
expressions in Mathematica which we apply to
developing a computer algebra for sampling. In these
expressions, objects associated with the finite
population are denoted by the inclusion of the letter “p”
and those associated with the sample by “s”. For
example, the population and sample sizes are given the
heads Np and Ns respectively. Here is a list of heads



for the calculation of certain sample and population
statistics:

Mp [x] is the population mean of the element x in the

expression.

Ms [x] is the sample mean of the element x in the
expression.

Kp(x,y,...] is the population k-statistic. The

order of the k-statistic is given by the number of
elements which are separated by commas.
Ks{x,y, ...] is the sample k-statistic.
Z [x] takes a variable x, centers it about its expectation
and scales it by 1 //Ns so that it is bounded in
probability.

All of these machine expressions have been devised to
handle vectors as their arguments as well as scalars.
The vector x, is be represented by x [u] in machine
notation. Then, for example, Ms [x{u] x[v]]isa
two-dimensional array containing the sample means of
the products of all pairs of measurements from the
vector x,, for jes.

We have also developed operators to translate
notation from means to k-statistics and vice versa. The
translation is based on the partitioning algorithms of
section 3. The translation operators are as follows.

MpToKp added to an expression translates the result
from population means to k-statistics.

MsToKs does the same thing for sample means to k-
statistics.

A notational filter called “Notation[x]” has
been developed to translate the machine expression of
the argument x into one suitable for display on the
screen or on paper. For ease of reading, for example,
it would be preferable to see N and n in the output
instead of Np and Ns. Table 1 provides some
examples of inputs and outputs for notational filters
and translation functions.

We have defined an expected value operator “EV”
of sample statistics in Mathematica which combines
and carries out three basic operations shown in the
schema in (3). In Mathematica, the operation to
obtain, for example, the expectation operation in (21)
is carried out with the command:

Simplify[Notation[Expand{EV[Ms[x[u]}
"2,srs]]]]
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Table 1
Example Inputs and OQutputs for Notation and
Translations Functions

Input Output
Notation{Np] N
Notation{Ns] n
Notation{Mp(x vy]] M{xy)
Notation{Ms[x[u] x[v}]]] m(x x.)
Notation[Kp[x{ul vy}l K(x,y)
Notation(Ks[x,yl /. Kp->KpToMp]
n
(m(xy) -m{x)m(y))
n-1
Notation[Mp[x]/.Mp->MpToKpl K(x)
Notation[Mp{x "2]}] M{xx)

Notation([Mp{x ~2}/. Mp->MpToKp]

Ex(x,x) +K{x)?
N

Notation[Z{x y]] z(xy)

Note that EV [ ] contains two arguments, the first is
the expression for which the expected value is to be
obtained and the second is the sampling design which
defines the inclusion probabilities. The operation in
Mathematica results in the output:

(Nn-N) M (x )%+ (N-n) M(x X )

Nn-n

In order to reexpress (21) as (22), or means in terms of
k-statistics, the Mathematica command

Simplify[Notation[Expand{EV{Ms[x[u]]
~2,srs] /. Mp—MpToKp]]]

is used. This results in the Mathematica output

NnK (x ) 2+ (N-n) K(x,,x,)
Nn

In a slightly more complicated example,
application of the expected value operator and the
notation operator together to evaluate
E(m(x )m(x )m(x )) in the command

Simplify[Notation[Expand[EV[Ms[x{u]]}
Ms{x([v]]Ms[x[w]],srs] /. Mp—MpToKp]]]

yields

K(x,) K(x,) K(x)

(N-n) (K(x,, x )K(x ) +K(x , x K(x ) +K(x )K(X_, x)
n
Nn

(N2-3Nn+2n?) K(x, , X , %)
N

NZn?



as output. Note that the result is a function of the full
partition of [;={u,v,w}. If the expected value is
changed to

E[{m(x,)-M(x )} {m(x)-M(x )} {m(x,)-Mx,)}),
the appropriate Mathematica command yields

(N?-3Nn+2n?) K(x,, % .X,)
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N%n?
which was obtained by Nath (1968) for particular
values of the indices u, v and w. In fact, the results in
Nath (1968, 1969) for the products of three and four
means and the exact results in Raghunandanan and
Srinivasan (1973) for up to a product of eight means
can all be reproduced automatically with the software
that has been developed.

The use of the EV operator may not always be
convenient for obtaining some moment calculations.
Consequently, we have defined an operator “Cum”
which determines the finite population cumulant of the
argument under the operator to a given order. A finite
population cumulant may be defined through the finite
population noncentral moments using the standard
relationship between moments and cumulants
illustrated in equations (6) through (9) and
accompanying discussion. The Cum operator has three
arguments: the estimator, the order of the cumulant and
the sampling design. The two Mathematica commands

Notation[Expand[EV{(Ms[y]-Mp([y])
~2,srs] / . Mp—MpToKp]]

and
Notation[Cum[Ms[y],2,srs]]
result in the same output

(N-n) K(YI y)
Nn

for the variance of the sample mean under simple
random sampling without replacement.

To this point, the sampling design used in each of
the examples has been simple random sampling
without replacement. Resulits under general sampling
designs can be obtained. For these general designs, the
estimators can be expressed in terms of XII in the
schema given by (3) and the XII can be expanded to
obtain XX, the middle term in (3). There is no general
simplification to obtain the final term in (3). In order to
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express this final term in (3), we introduce the
Mathematica notation S [ ] for single or multiple
sums. The arguments of S will contain subscripts
given, by I, j or k and so on where values of the
subscripts range over the N finite population unit
numbers. The function S then denotes a multiple sum
taken over the subscripts in the argument. This is
illustrated with the Horvitz-Thompson estimator of
M(y) given by (W/N)ym(y/m) in the notation developed
here. The Mathematica command to obtain the
variance of the Horvitz-Thompson estimator is given
by
Notation[Cum[Ns/NpMs[y/pil,2,gen]] (30)
where pi denote the inclusion probability n. This
command yields

pi, y;¥;
Sly,1° pipi,
N2 O ON?

Note that in the double sum in the second term,pi . is
the single inclusion probability 7. The third order
cumulant or equivalently the third central moment of
the Horvitz-Thompson estimator is obtained upon
substituting the order 3 for 2 in the command in (30).
This command in Mathematica yields

2
i

35(y,18

25[}’1]3_ il
. N3 N3 N3
pPiY,;y;

35(y,18

N3 N3

For treating nonlinear estimators we define an
operator AExp [ ] which finds the asymptotic
expansion to a required order along the lines described
in section 4 on integer partitions. The operator AExp
has two arguments, the function for which the
expansion is required and the order of the expansion.
Several steps in obtaining moments of a nonlinear
estimator can be put into one command so that the
algebraic burden is minimized. For example, consider
the ratio estimator given in (26) under simple random
sampling. The expected value of this estimator to order



1/n may be obtained from the Mathematica command

Notation[EV[AExp[Mp[x]Ms[y]/Ms[x],
2],srs]/. Mp—MpToKp].

The resulting output is

(-n+N) K(y) K(x, x) N

K{y)+ >
nNK{x)

The case of the multiple linear regression under
simple random sampling without replacement may now
be considered. When there are g covariates, the
resulting regression estimator is a generalization of the
estimator in (27). In particular, the multiple linear
estimator is given by

k() +b, [K(x *)—k(x )] €30

using index and k-statistics notation. In (31), the
coefficient b_ is the vector resulting from the product
k(x,,y) ik(x ,x ) in index notation, where the gxq
array ik(x ,x ) is the inverse of the gxqarray given by
k(x ,x,). Similarly we will use IK(x,,x,) to denote the
inverse of the finite population array K(x,,x,).
Derivation of the mean square error of (31) requires
Taylor expansions of the elements of b, followed by
the appropriate moment calculations and collection of
terms. In Mathematica, we can define the multiple
regression estimator through an estimating equation.
This is done through two functions £[] and g [ ] in
the following code:

gl{b[u] ]=Ms([yl+b[u] (Mp[x{u]]l-Ms{x[ull)
fibful1=Ks[x[ul,x[v]]b{u]l-Ks[x[u],y]
RegEst=g[Root[f]]

where the function Root [ ] finds the root of a
function using integer partitions as described in
Stafford (1996). The expectation of this estimator to
order 1/n is obtained from the command

Notation[Cum[AExp [RegEst,2],1,srs]].(32)

The result of this command is

(Ng+Nn-gn) K(y) , q{-N+n) IK(x , x } K(x") K(x", y)

Nn Nn
(N-n) IK(x,, x) IK(x , x ) K{x", y) K(x", x", x?)
: Nn
(-N+n) IK(x , x ) K(x", x", y)
’ Nn
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The variance of the regression estimator to order 1/# on
replacing the number 1 in (32) by the number 2. This
results in the following Mathematica output

(N-n) K(y,y)  ("N-nK(x ,y) Kix,,y) IK(x", xV)
+ -
Nn Nn

Note that the mean square error and the variance of the
regression estimator are the same to order 1/n.

As noted already, the steps to obtain an unbiased
estimate of population product moments or k-statistics
are similar to those for finding expected values. To
carry out these steps in one operation, we have defined
an unbiased estimator operator “UE” of population
statistics in Mathematica. As in the situation of finding
expected values, the function to find unbiased
estimators, UE [ ], contains two arguments. The
first is a function of product moments or k-statistics for
which the unbiased estimator is required. The second
is the sampling design under which the estimator is to
be unbiased.

This simplest example is to obtain the unbiased
estimate of a finite population mean, say X=M(x) in
the univariate case. This is obtained from the
Mathematica command

Notation[UE[Mp[x], srs]]
which results in the simple output statement
m(x) .

The unbiased estimator for M(x)? in the univariate case
is obtained from the command

Simplify(Notation[Expand[UE[Mp[x]
~2,srs] /.Ms—>MsToKs]]]

for which Mathematica returns

(Nn) k (x)?+(N-n) k(x, x)
Nn

6. DISCUSSION AND FUTURE WORK

The basic building blocks to develop a compre-
hensive computer algebra for survey sampling theory
have been given. The foundation of this algebra is
based on the enumeration of partitions. Fundamental
operations under partition enumeration include the
evaluation of nested sums and Taylor series



expansions. Once these operations have been
completed, then expectations of sample statistics can be
calculated or unbiased estimators of population
quantities can be determined.

The next phase in this work is to extend the
unistage results to multistage and multiphase sampling.
In both multistage and multiphase sampling, the
problem reduces to the computer evaluation of multiple
sample sums under an expectation operator or the
determination of an unbiased estimator of multiple
population sums. The problem of multistage sampling
is currently under investigation. Another possible area
of inquiry is to extend the algebra to superpopulation
models.

Once the basic algebra is in place, then research
problems involving algebraically complex sampling
formulae may easily be investigated.
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