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UNEQUAL PROBABILITY SAMPLING WITHOUT REPLACEMENT
THROUGH A SPLITTING METHOD

J.-C. Deville and Y. Till¢'

ABSTRACT

A very general class of sampling methods without replacement and with unequal probabilities is proposed. It consists
in splitting the inclusion probability vector into several new inclusion probability vectors. One of these vectors is
chosen randomly; thus, the initial problem is reduced to another sampling problem with unequal probabilities. This
operation is repeated and, at each step, the sampling problem is reduced to a simpler problem. Any sampling design
can be implemented by means of the splitting technique. The simplicity of this technique allows the easy generation
of new sampling procedures with unequal probabilities. First, a sampling procedure with only N samples with non-
null probabilities is presénted. ' A method of splitting into simple random samplings is also proposed. The Midzuno
method, which can be described as a splitting procedure, is generalised in such a way that it can be applied to any
inclusion probability vector. The elimination procedure can also be presented as a particular case of the splitting
method. It is also shown that the Chao procedure can be presented as a strict elimination procedure. Next a very
simple method based on the modification of two inclusion probabilities is defined. A sufficient condition in order that
a splitting method satisfy the Sen-Yates-Grundy conditions is given. Finally we discuss the Gabler sufficient
condition, which ensures that a sampling design without replacement always yields estimators with a smaller variance
than in the case with replacement. It is shown that the elimination procedure satisfies the Gabler condition.

RESUME

Les auteurs proposent une catégorie trés générale de méthodes d’échantillonnage 4 tirage exhaustif et & probabilités
inégales. Ces méthodes consistent & diviser le vecteur des probabilités d’inclusion en plusieurs nouveaux vecteurs.
On choisit ensuite I'un d’eux au hasard, et ainsi, le probléme initial est réduit a un autre probleme d’échantillonnage
a probabilités inégales. On reprend ’'opération, et a chaque étape, le probléme d’échantillonnage se simplifie. Cette
technique de division autorise I’application de n’importe quel plan d’échantillonnage. Sa simplicité permet
d’engendrer aisément de nouvelles méthodes d’échantillonnage & probabilités inégales. Les auteurs présentent d’abord
une méthode d’échantillonnage comprenant seulement N échantillons & probabilité non nulle. Ils proposent aussi une
méthode de division débouchant sur un échantillonnage simple aléatoire. La méthode de Midzuno, qui est en sorte
une technique de division, est généralisée de maniére & s appliquer & n’importe quel vecteur des probabitités
d’inclusion. La méthode par €limination peut aussi étre considérée comme un cas particulier de fa technique de
division. Il en va autant de la méthode de Chao, dans laquelle on peut voir I'utilisation stricte de ta méthode par
élimination. Les auteurs définissent ensuite une méthode trés simple reposant sur la modification de deux probabilités
d’inclusion. Ils fixent une condition suffisante pour que la technique de division satisfasse les conditions de Sen-
Yates-Grundy. Enfin, ils parlent de la condition suffisante de Gabler, en vertu de laquelle un plan d’échantillonnage
a tirage exhaustif donne toujours des estimateurs a variance plus faible que les plans a tirage non exhaustif. La
méthode par élimination satisfait la condition de Gabler.

1. INTRODUCTION estimate the total
ty = E Vi>
Consider a finite population U = {1,...,k,...,N} kel
whose units can be identified by an order number. For by means of a random sample without replacement and
each unit k, it is supposed that the value y, of the  of fixed sample size n. Suppose also that the values
characteristic y can be measured. The objective isto  x, >0 of an auxiliary characteristic x are known for all
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units of U and that the x, are approximately propor-
tional to the y,. It is then interesting to select the units
with unequal probabilities in order to get an estimator
of l, with a small variance.

To implement such a sampling design, the
inclusion probabilities 7, of each unit are computed as
follows. First define the function

h(z) = Z min

kel

ey

|

The inclusion probabilities are

|

Since the selection of the units selected with an
inclusion probability equalling one is trivial, it is
supposed that the problem consists in selecting # units
without replacement in a population of size N with
fixed inclusion probabilities n,,ke U, where
0<m <I1,keU, and .

Y n -

keU
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where t =Zk€ka.

given by
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A sample s is a non-empty subset of U and a
sampling design p(s) of fixed sample size »n is a
probability distribution on all the possible samples of
size n such that

p(s)>0 and Z p(s) =1,
seS

S={seU|#s=n}.

where

Moreover, a sampling design which respects fixed
inclusion probabilities must satisfy the relations

Y ps)=m,, keU.

sk

The random sample is denoted S and is such that
Pr(S=s)=p(s). The m-estimator (see Horvitz and
Thompson, 1952) allows the estimation without bias of

the total
T L
- keS TCk

When the design is of fixed sample size n, the variance
of this estimator can be written

|

and can be estimated by
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where 7, is the probability to select jointly units k and
¢ and is called the joint inclusion probability.

Remember that the sufficient condition in order
that V(iyn)be unbiased is that 7t,,>0,k#leU. Yates
and Grundy (1953) and Sen (1953) however showed
that if 7, <7 7,,k#0€e U, then this variance estimator
always takes a positive value. This sufficient condition
is called the Sen-Yates-Grundy condition. An
important property of a sampling procedure is that the
variance of the m-estimator should be always better
than the variance obtained by sampling with
replacement. This property was only proved for two
sampling designs: Sampford’s procedure (Gabler,
1981, 1984) and Chao’s procedure (Sengupta, 1989).
Besides these two properties, a sampling procedure
must present some practical interest. It should be
possible to apply a “good” method without enu-
merating the N!{n!(N-n)!} 'samples of size n.
Moreover, the joint inclusion probabilities should also
be easily computable.

Since the publication of the synthesis book of
Brewer and Hanif (1983), which presents fifty
sampling procedures with unequal probabilities, several
new methods have been proposed. One can cite
Chao’s sequential procedure whose properties were
studied by Bethlehem and Schuerhoff (1984) and
Sengupta (1989). The method of emptying boxes (see
Hedayat, Lin and Stufken, 1989, and Hedayat and
Sinha, 1991) provides a very general frame applicable
to any rational inclusion probabilities. Finally, the
elimination procedure (see Tillé, 1996) is a simple
algorithm related to Chao’s (1973) and Sinha’s (1973)
methods. The elimination method is also related to the
Midzuno method (see Brewer and Hanif, 1983, p. 25),
the generalisation of which will be discussed.

The proposed method is directly inspired from the
technique of emptying boxes. Nevertheless it is
generalised to any non-rational inclusion probabilities.
After the presentation of the splitting method, it is
shown that any sampling design can be defined by
means of this technique (section 2). Moreover, the
splitting technique allows the easy conception of new
sampling procedures with unequal probabilities. First,
two new simple sampling procedures with unequal
probabilities are proposed in sections 3 and 4. The first
one provides the minimal support design and the
second breaks up the problem into simple random
samplings. Next, it is shown that the splitting



technique allows the easy definition of the Midzuno
(section 5), elimination (section 6) and Chao (section
7) procedures. The Midzuno procedure is however
generalised to be applicable to any inclusion proba-
bility vector. The presentation of these procedures by
means of the splitting technique shows that they belong
to the same family of methods. The pivotal method,
which is interesting for its extreme simplicity, is also
defined in section 8. In this method, only two
inclusion probabilities are modified at each step. lts
implementation is almost as simple as systematic
sampling.

The splitting procedure is also interesting because
it allows the discussion of general properties for a large
set of sampling methods. In section 8, a general
sufficient condition is given in order that the Sen-
Y ates-Grundy condition be satisfied. This condition is
directly applicable to the generalised Midzuno method,
the elimination method, the Chao procedure and the
pivotal method. Finally, the Gabler (1984) sufficient
condition is discussed in section 10. This condition
ensures that a sampling design without replacement is
always better than sampling with replacement (see
Hansen and Hurwitz, 1943). Several counter-examples
are given to show that the Gabler condition is not
satisfled by most of the methods discussed.
Nevertheless, it is shown that the elimination procedure
satisfies this condition and thus always gives a better
estimator that sampling with replacement.

2. THE SPLITTING METHOD

The basic technique is extremely simple: it consists
in splitting the 7, into two parts ng)and chcz),ke U.
The ng) and nf) ,ke U, can take any values that satisfy
the following relations:

(1)

m, = Anl) + (1-2) 1, ke U, (3)

Osng)sl and Osnf)sl,keU,

QY

where A can be chosen freely but must be such that
0<A<1,and

IRED I

kel kel/

)

The method consists in drawing » units with unequal
probabilities

105

()

n, , ke U, with a probability A

ﬂ:f), ke U, with a probability 1 -4.

The problem is thus reduced to another sampling
problem with unequal probabilities. If the splitting is
such that one or several of the Ttg(l) and of the ﬂzf) are
equal to 0 or 1, the sampling problem will be simpler
at the next step. If this operation is repeated, the
problem can be reduced until the sample is obtained.
The splitting can also be or%anised in order that one of
the vectors of ng) or of Tciz has equal probabilities. In
this case, a simple random sampling without
replacement can be applied directly.

This technique of splitting can be generalised to a
splitting technique into M vectors of inclusion
probabilities that will be denoted by an element of
AcU, where #4=M. In order to apply this method,

we first build the ni’),jeA, and the A ,j€A, in such

a way that
A =1,
Yy )»J.ni’) = m,, keU,
JjeA
0<n’ <1, kelU, jeA,
and
Y n)=n,jeA.
kelU

The method simply consists in selecting one of the
U) - R .
vectors of m; with unequal probabilities Aj, jeA.

Again, the ni’) are built in such a way that the sampling

problem will be simpler at the next step. Note that,
when a unit k is such that 1, equals one or zero, it
means that this unit is definitively drawn or eliminated
from the sample. Indeed, if 7, =0 then 7y =0 forall je A
and if m,=1 then my’ =1 for all jeA.

Any sampling method p(s)can be implemented by
means of the splitting technique. A sampling design
can always be presented as a tree each of whose leaves
corresponds to a sample s with non-null probabilities
p(s). By gathering branches of this tree, it is thus
possible to build an infinity of representation by means
of the splitting technique of a given sampling design.

For instance, from any sampling design, a sampling
method into two parts can be built by using a unit {
from U and by taking A =7 ,A,=1-7 . Next, define



o | ik
T, = T,
1 if not
and oo
) T
Tt/(_ = 1 _Ttl
0 if not.

At the next step, third order inclusion probabilities
must be used, which makes the procedure difficult to
apply in practice. Another way to define a splitting
method is to use the implementation in sampling
schemes such as defined by Hedayat et Sinha (1991,
pp. 7-11). Nevertheless, these two techniques are
complex and need the knowledge of all the p(s).
Rather than implementing a sampling design from the
known p(s), it seems more interesting to present several
splitting techniques that are easy to implement, and
next to discuss their properties.

3. MINIMAL SUPPORT DESIGN

It is always possible to define a sampling design
that respects any fixed inclusion probabilities by using
only N samples with non-null probabilities. This result,
which follows from theorem 1 of Wynn (1977), was
not presented with a procedure of construction of this
design. This is however the most obvious application
of the splitting technique into two parts and is related
to the simplest “game” proposed by Hedayat, Lin and
Stufken (1989, theorem 2.1.) for the sampling
procedure through a method of emptying boxes.

In order to present this method, first note Ty e
T - Tay the ordered inclusion probabilities. Next,
define

A = min{l —n(an),n(N_ml)} R

n 0 if ksN-n
Ty = ]
1 if k> N-n,
and
T,
—— if k<N-n
,n(2) _ A
* T oA
if k> N-n.
-A

With a probability A, the sample of the » units that
have the largest inclusion probabilities is selected, and,
with a probability 1-A, another sample of size n must

be selected with the inclusion probabilities nf).

However, one of the nf) equals zero or one. Indeed,

. - @ _

if 1Ty <Ty thep A=1-m, ,and Ty =1

On the other hand, if m,, <1-m, . then
) WN-nsl) TN

A=y iy al:ld Tn-ny=0- The' problem is tl}us reduged

to the selection of a sample in a population of size

N-1.

Example 1 Suppose that N = 6,n = 3, m; = 0.07,
n, =0.17, n; =041, =, = 0.61, n©, =0.83, n, =
0.91. In this case, the breakdown is completed in 4
steps. The vector of inclusion probabilities is split into
two parts given in columns 2 and 3 of table 1. With a
probability A = 0.59, units 4, 5, 6 are selected and with
a probability 1 - A = 0.41, another sampling with
unequal probabilities given by (0.171 0.415 1 0.049
0.585 0.780) is applied. At step 2, the splitting is
applied again of this last vector and in 4 steps at the
most, the sample is selected.

Table 1
Step 1 Sept 2 Step 3 Step 4
I, A=059 | A=0.585 | A=0.471 |} A=0.778
0.07 10 0.171 00.412 00778 ] 1 O
0.17 | 0 0415 0 1 1 1 1
0.41 0 1 1 1 1 11
0.61 1 0.049 00.118 00222 {0 1
0.83 1 0.585 1 0 00 00
0.91 10.780 10.471 1 0 00

The sampling design is thus given by p({4, 5, 6})=0.59,
P({3,5,6})=(1-0.59)x 0.585=0.24, p({2, 3, 6}) =
(1-0.59-0.24)x 0.471 =0.08, p({1, 2, 3})=(1- 0.59-
0.24 - 0.08)x 0.778 = 0.07, p({2, 3,4})=(1 - 0.59 -
0.24 -0.08 - 0.7) = 0.02.

4. SPLITTING INTO SIMPLE
RANDOM SAMPLINGS

This method also consists in splitting the inclusion
probabilities into two parts. In this case, the sampling
problem is reduced to N simple random samplings
without replacement. Again, the same notation will be
used for the ordered inclusion probabilities Tirys oo

Ty -+ Ty Next, define

N
Oy’ N

A =min {n Q ~N(N))},

-Hn
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Table 2

T, Step | Step 2 Step 3 Step 4 Step 5
A=0.14 A=0.058 A=0.173 A=0.045 A =0.688
0.07 0.5 0 0 0 0 0 0 0 0 0
0.17 0.5 0.116 0.600 0.086 . 0.5 0 0 0 0 0
041 0.5 0.395 0.600 0.383 0.5 0.358 0.667 0.344 0.5 0
0.61 0.5 0.628 0.600 0.630 0.5 0.657 0.667 0.656 0.3 1
0.83 0.5 0.884 0.600 0.901 0.5 0.985 0.667 1 1 i
0.91 0.5 0.977 0.600 1 1 1 1 1 I 1
and compute " This breakdown into simple random sampling
) = 2 , keU, designs also yields a quite general result.
(k) N
and " Theorem 1 For any vector (Tt,... ... TtN)’ , such that
T, -A— 0<m,<l,keU, and
@ N
o T keU

If A=, N/n, then m(;)=0. On the other hand, if
A=(1-7,) N((N-n) then T(p=1. At the next step,
the problem is thus reduced to a selection of a sample
of size n - | or n from a population of size N- 1. In N
steps at the most, the problem can be solved.

Example 2 If the same inclusion probabilities are used
as in example 1, the result of the splitting method into
simple random samplings is given in table 2.

The problem consists in selecting one of the 6
simple random sampling designs defined by the
columns of table 3. The simple random sampling
design are selected with a probability given in the
upper margin of table 3.

Table 3
Probabilities
k | o014 | 0050 | 014 |o0.03 044 | 0200
1 |os 0 0 0 0 0
2 |os 06 | 05 0 0 0
3 |os 06 | os | 0667 | 05 0
4 {os 06 | 05 | 0667 | 05 1
5 105 06 | 05 | 0667 | 1 1
6 |05 0.6 1 1 1 1
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Y, =n,

kel

there always exists at least one sampling design such
that
p(s)>0,s€S

Proof
The splitting method into simple random samplings

implies that, with a probability A, a single random
sampling is applied on U as follows:

-1
ps) 2 ( E) min { nmﬂ,
n n

5. GENERALIZED MIDZUNO METHOD

N
N

—hn

(1—n(m)}>0.

The Midzuno method (see Horvitz and Thompson,
1952) is another way to split the inclusion probabilities
into simple random sampling designs without
replacement. This method can be described as a
splitting procedure into N parts. First, define

Since )\.’ must be in [0,1], the method is applicable
only if

> n-
T, >

ll,ke U. ©)



This condition is very restrictive. For this reason, the
Midzuno method has no great practical interest. This
implementation is however quite simple and can easily
be described as a splitting method into N parts.

One of the vectors of T/, J € U, will be selected
with the probabilities A . The w'/) are the inclusion
probabilities by means of which the selection will be
applied at the next step where

1 ifk=j

——  ifk#j.

Since, at the second step, the problem is reduced to
sampling with equal probabilities (except one unit that
is selected automatically), a simple random sampling is
applied. The joint inclusion probabilities are not
difficult to derive (see for instance, Brewer and Hanif,

1983, p.25) and are given by
By (6), we directly get
L e
(N-1)(N-2)

The joint inclusion probabilities are thus strictly
positive. It is shown in section 9 that the Midzuno
method satisfies de Sen-Yates-Grundy condition.

The Midzuno method can be generalized in order
that it can be applied to any inclusion probabilities
even if condition (6) is not satisfied. The quantities XJ
are computed by means of the following algorithm.
First, define F: =0. Next, repeat until getting a stable
configuration of the kj ,jeU, the two following
allocations:

n
N-1

_n-1 o -
LLPARLY

T, =
ke N_2

0

~)(N-1-#
(mNAR)

A= N-n-% _.(1-m) l
0 ifjeF,
F: ={je U}Ajs()} .
Finally, define
1 if k=j
= T;"__l" if k).
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The validity of the method can be easily verified.
Moreover, when only one iteration is needed, the
algorithm provides the )L/ of Midzuno’s method. The
fundamental difference with the classical Midzuno
method is that the problem is not necessarily reduced
to a simple random sampling at the second step. The
algorithm is thus repeated until a simple random
sampling is obtained.

Example 3 Again, if we take the same data as in
examples 1 and 2, at the first step, )‘, =0,i=1,..,4,
Ay = 0346 et A, = 0.654. The problem is thus
reduced to a splitting into two parts (see table 4).

At the second step, the method provides a splitting
of each of these two parts into 3 parts. Finally, we get
the breakdown given in table 5.

At step 3, the problem consists in selecting only
one unit. This example however, shows that the
generalized Midzuno method does not ensure strictly
positive joint inclusion probabilities; indeed 7, = 0.

Table 4
ls =0.346 16 =0.654
0.07 0.07
0.17 0.17
0.41 0.41
0.61 0.61
1 0.74
0.74 1
Table 5
0.017 10.128 | 0.201 |} 0.032 | 0.243 | 0.380
0.07 0.07 0.07 0.07 0.07 0.07
0.17 0.17 0.17 0.17 0.17 0.17
1 0.38 0.38 1 0.38 0.38
0.38 1 0.38 0.38 1 0.38
1 1 1 0.38 0.38 1
038 0.38 1 1 1 1




6. ELIMINATION PROCEDURE

In order to implement the elimination procedure
(see Tillé, 1996), the inclusion probabilities (k| i),
ke U, for the sample sizes i = n, ..., N are computed as
follows:

n(k|i),=min {1 Jh ’(i)«j—k},ke U,i=n,..,N, (8)
where A(.) is defined in (1). Note the two particular
cases: (k| n)=n, and n(k|N)=1,ke U.

The steps of the algorithm are numbered in a
decreasing order from N - 1 to n. At each step of the
procedure, a unit is eliminated from U with a
probability

(k| i)

r=l-——~2_ kelU,i=n,....N-1.
B mk)iv1) ©)

After N - n steps, a sample of » units is selected. The

inclusion probability of a unit is thus the probability

that this unit has not been eliminated during the N-n

steps. We thus obtain the relation:
N-1

n, = [[ (1-r,). (10)

The joint inclusion probability of unit k£ and { is the

probability that neither unit & nor ¢ has been

eliminated during the N - » steps and thus

N-1

n, = [1(1-rr,). an

The elimination method can also be presented as a

splitting technique. The computation of the kj is also

given by an algorithm. First, define £ : = 0. Next,

repeat until getting a stable configuration of the
kj ,J € U, the two following allocations:

N-1-#F
Lo

n_Zief ¢ -T,)
0 ifjeF.

ifj e F

F: = {jeU|2 <0},

Finally define

The complementary design p “(s) of a sampling
design p (s) is defined as the sampling design, such that
the sample s = U\ s is selected with a probability
p (s). If the design p (s) has the inclusion probabilities
T, then p (U\s)=p(s),m=1-n,, keU and
Ty =l-m-m+m,. It is easy to see that the
generalised Midzuno method is the complementary
method of the elimination method. The joint inclusion
probabilities of the Midzuno method can thus be
derived from those of the elimination method.

Example 4 Again, if we use the data of example 1, we
obtain at the first step the splitting presented in table 6.

Table 6
A,=0.708333 A,=0.291667
0 0.24
0.24 0
0.41 0.41
0.61 0.61
0.83 0.83
0.91 0.91

At the first step, we already see that 7 ,equals
zero. The splitting obtained at the second step is
presented in table 7.

At this step, 3 units must be selected amongst the
4 remaining units, which is obvious.

7. CHAO’S METHOD

This method, such as presented by Chao (1982), is
a sequential updating procedure that seems not to be
related with the elimination method. This can however
be defined as an elimination procedure. Indeed, at each
of the V - n steps of the algorithm, a unit is definitively
eliminated from the sample. Chao’s procedure differs
from the elimination method because in the Chao
procedure, a unit is eliminated from the » + 1 first units
of the sample. The Chao method can thus be presented
as a splitting technique into M = n + | parts. We have
thus 4={1,...,n+1} and, again, the probabilities
k/ ,j€A, are given by an algorithm. First define
F: = . Next, repeat the two following allocations
until a stable configuration for the kj ,j€A,is
obtained:
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Table 7

0.438492 0.247354 0.0224867 0.180556 0.101852 0.00925926
0 0 0 0 0.63 0.63
0 0.63 0.63 0 0 0
0.63 0 0 0.63 0 0.63
0.63 0.63 0.63 0.63 0.63 0
0.83 0.83 0.83 0.83 0.83 0.83
0.91 0.91 0.91 0.91 0.91 0.91
-# . If w+m >1, then
1 —nl~—n—F— ifje F rd
)'j -7 ZiﬁA\F“’ A I —nj
0 lf_]GF, 2_ni_nj’
F:={jedl’ <0}.
! T, ke U\{i,j}
Next define 7‘2 DR k=i
. . n+n-1 k=j,
0 if k= Y J
and
0 u if k#j,ked i
T 1-2, J T, ke U\ {i,j}
. 2 _ _;
T, if k¢ 4. Ty =) Tci+ﬂ:j_1 k=i
1 k=j.

At the next step, repeat the same algorithm on the first
n + 1 remaining units. Remember that, with Chao’s
method, the result obtained depends on the order of the
units. With the data of example 1 sorted in increasing
order, we obtain, in this case, the same result as in table 6.

Again, this presentation can be generalised.
Indeed, it is possible to apply the same method by
eliminating one unit amongst any 4 c U,#4>n. The
algorithm for computing the A is identical as for the
Chao method. The elimination procedure is the case
where A = U. At the next step, a unit amongst another
subset of U can be eliminated. This subset must not
necessarily have the same size as A.

8. PIVOTAL METHOD

The pivotal method is based on a splitting into two
parts of the vector of inclusion probabilities. Only two
inclusion probabilities are modified. The method
consists in selecting two units that will be denoted i
and j.

" On the other hand, if T < 1,then

T,
A= —
T AT
T, ke U\{i,j}
1:21) =TT k=i
L0 k=j,
and
T, ke U\ {i,j}
e =40 k=i
T +T k=j.

In the first case, a one is allocated to only one
inclusion probability. In the second case, a zero is
allocated to only one inclusion probability. The
problem is thus reduced to a population of size N - 1.
In N steps at most, a solution is thus obtained. This
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method is interesting for its extreme simplicity. The
pivotal procedure can be implemented by means of a
strictly sequential procedure, i.e., it can be applied in
only one reading of a data file. The sequential
procedure is presented in algorithm 1 by means of the
Mathematica® syntax.

Algorithm 1

NN=Length[pi};
i=1; a=pi[[1]];
Do[b=pi[[j]];
Iflatb<=1,
IffRandom(]<=b/(a+b), i=j};a=a+b,
IffRandom[]<=(1-b)/(2-a-b),
Print [i};i=j, Print[i] ]; a=a+b-1

JF

{j,.2,NN}J;
Print[i];
In algorithm 1, “pi” is the vector of inclusion
probabilities. The method is thus extremely simple but
unfortunately, it has an inconvenience: most of the
joint inclusion probabilities equal zero. In order to
overcome this problem, the procedure can be
randomised (as for systematic sampling) by sorting
randomly the data file. We shall see in section 9, that
this method has however an advantage on systematic
sampling because, for the pivotal method, the Sen-
Y ates-Grundy condition is satisfied.

9. SEN-YATES-GRUNDY CONDITION

Several proposed methods satisfy the Sen-Yates-
Grundy condition (m <m,w k#lelU). A sufficient
condition in order that the Sen-Yates-Grundy condition
be satisfied is given by the following theorem.

Theorem 2 If a sampling method without replacement
is implemented by the splitting technique in M parts
indexed by a subset A of U and if, at each step, the
inclusion probabilities can be written as follows:

|

for all jeA where C equals 0 or 1, then this method
satisfies the Sen-Yates-Grundy condition.

if ke A\ {j}
if k=,

Ye
C

(/)
L

Proof
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The proof is given by induction. At the last step, the
inclusion probabilities equal 0 or 1, and, in this case,
the Sen-Yates-Grundy condition is satisfied. The Sen-
Y ates-Grundy condition is supposed to be satisfied at
the next step, i.e.,

)Gy ()

o <my L k#le U, jeA. (12)

where TE ) denotes the joint inclusion probabilities
obtained by applying the splitting technique to the
n\) jeU. By (12), we get

Tc,d—z A n(’)<z A n(’)ng’),k#e U.

Jj€A JjeA (13)
We thus want to show that
T, ST, T, k*lel, (14)
and since
A Tt ) keU,
Z; (15)
the expression (14‘) can also be written as
Ttkc-(z A TC(/)) (Z A ﬂ:(/)) k#leU. (16)
¥ jeAd

By considering (13), a sufficient condition in order to
satisfy (16) is that

An(’)) ( ' A.Tt ) A0,
(}; 12; / f? £ an
k#teU.
Now,
o _
:z:A l_,“k/ = }’k; A-A YA C (18)
= ¥+ (C-7). (19)
and
E A ni’)n(’)
Jjed ! ‘
= %1 AV YA VYA A Cr ALY,
Jjed
= %YMV (C-1)+A %, (C-¥). (20)



We thus get

(E l,ni”) (E Ajnﬁ”) ‘Z A/ni/)ngl)

jed Jj€A j€A
= MA(C-y)(C-y,) . k#tel. (21)
The condition (17) is thus always satisfied when C
equals 0 or 1.

Corollary The generalised Midzuno method, the
elimination method, the Chao procedure, and the
pivotal method (randomised or not) satisfy the Sen-
Y ates-Grundy condition.

10. COMPARISON WITH SAMPLING
WITH REPLACEMENT

The use of random sampling without replacement
is only justified if the variance of the total estimator is
smaller than when the random sampling with
replacement with unequal probabilities is used. The
random sampling with replacement can be described as
follows: n units are selected from U independently with
unequal probabilities P =n,/n,ke U. The Hansen-
Hurwitz estimator (1943) of t, is defined by

where a, denotes the number of times that unit k is
selected in the sample. The variance of this estimator
is given by

2
- 1 Y
Var(tyHH)=— Zpk[—k—ty) .

n keU Dy

Sengupta (1989) has shown that Chao’s method always
provides a better result than sampling with
replacement.

It is also quite easy to show that a sufficient
condition in order that Var fy o)< Var fyHH for any
values y,, ke U, is that

n-1
n“z—n—nkna,k#ﬂe U.

The interest in this condition is quite restricted. A
much more interesting result has been given by Gabler
(1984) who gives the following sufficient condition:

Pl
G = Z min—%>n-1.

kel txk T,

Gabler however shows that Sampford’s procedure
(1967) satisfies this condition.

The minimal support design no longer satisfies the
Gabler condition. It is easy to build a counter-example.
IfN=4,n=2n =71, =1/3,n, =xn, = 2/3, we get
p({1,2})=1/3, p ({3, 4}) =2/3 and thus G = 0. The
splitting method into simple random samplings does
not satisfy the Gabler condition any more. Here is a
counter-example: if N = 4 and n = 2 and thatm, =
/4,7, =ny =12, m, =3/4,then G=79 <n-1=1.
The Midzuno method does not always satisfy the
Gabler condition even if 7, >(n-1)/(N-1),ke U. For
this case, the counter-example is more difficult to
build: here is an example where N =20 and n = 3:

M, o= k=15,
28

M=, - —

6 7 70’

Mo Sk =8,.,12,
20

m, o= S k- 13,.,16,
35

n, = 2L k- 17,..,20.
140

In this case, by using (7), we get G = 15152/7695 <
n-1=2.

We shall show that Gabler’s condition is verified
for the elimination method by using the following
lemma.

Lemmal If , /n, can be written as an increasing
(resp. decreasing) function of the T, then the Gabler
condition is satisfied.

Proof Suppose that =, /T, is an increasing (resp.
decreasing) function of the 7, and note m the label of
the smallest (resp. largest) ©,,ke U, then

. T B bis
min —- =
kel 0=k TE(

b1 T
+min —% =y - 1 +min —= .

t=m T, t»m T

km

kety T,

kem

Theorem 3 The elimination method satisfies the
Gabler condition.
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Proof By the computation procedure of the m(k|i)
given by (8), it is easy to see that m(k|/)/m(k{i+1) is
increasing in 7,. By (9) we directly see that r, is
decreasing in 7,. Next, by (10) and (11), we get

Since r,, is increasing in w,1-r, (1-r)" is
increasing in 7, and always positive. By considering
that a product of positive increasing functions is always
positive, the theorem is proved by the lemma 2.
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