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ESTIMATION FOR MULTIFRAME COMPLEX SURVEYS
BY MODIFIED REGRESSION

A.C. Singh and S. Wu'

ABSTRACT

Estimation from multiframe survey data is essentially a problem of combining domain estimates such that the new
auxiliary information obtained from several estimates for overlapping domains is used in addition to the usual
auxiliary information. The available approaches to this problem can be classified as either regression-based or
Horvitz-Thompson-based. Alternatively, they can be classified as either separate or combined frame approaches, in
the sense that a set of final sampling weights is produced either for each sample separately or for the combined sample.
The separate frame approach is more flexible and adapts easily to multiframe surveys as well as to multivariate
auxiliary data. A new estimator within the separate frame approach, based on the modified regression methodology
of Singh (1994,1996), is proposed for combining information from multiframe complex surveys, in a manner
analogous to the usual generalized regression estimator for single frame complex surveys. Monte Carlo simulation
results on relative performance of various estimators are also presented.

KEY WORDS: Combining estimates; Calibration weights; Predictor zero functions; Working covariance.

RESUME

Le probléme que pose le calcul d’estimations a partir de données d’enquéte a plusieurs bases de sondage consiste
essentiellement a combiner des estimations par domaine de fagon a utiliser les nouvelles données auxiliaires provenant
de plusteurs estimations calculées pour des domaines chevauchants en plus des données auxiliaires habituelles. Les
méthodes dont on dispose pour résoudre ce probleme se classent en deux catégories, soit les méthodes fondées sur
la régression et celles fondées sur I’estimateur d’Horvitz-Thompson. On peut aussi les classer comme des méthodes
axées sur les bases de sondage distinctes d’une part, et sur la base de sondage agrégée d’autre part, selon qu’on produit
un ensemble de poids d’échantillonnage finals pour les échantillons élémentaires ou pour 1’échantillon agrégé. La
méthode des bases de sondage distinctes est plus souple et s’adapte plus facilement aux enquétes a plusieurs bases
de sondage ainsi qu’aux données auxiliaires a plusieurs dimensions. Dans le contexte de la méthode des bases de
sondage distinctes, on propose d’utiliser un nouvel estimateur, inspiré de la méthode de régression modifiée de Singh
(1994, 1996), pour combiner les données tirées d’enquétes complexes a plusieurs bases de sondage, de fagon analogue
a I'estimateur de régression généralisé qu’on applique aux enquétes complexes a base de sondage unique. On présente
aussi les résultats d’une simulation de Monte Carlo exécutée pour comparer la performance de divers estimateurs.
MOTS CLES:  Combinaison d’estimations; poids d’étalonnage; fonctions de la variable prédictive nulle; covariance
provisoire.

1. INTRODUCTION

We consider the problem of estimation by
combining information in samples from overlapping
frames which together cover the target population.
Typically, in practice, a dual frame problem arises
when one frame is complete but expensive to sample,
while the other frame is incomplete but cheaper to
sample. In this paper, a suitable methodology for

estimating parameters and variances of their estimates
is developed using the available auxiliary information.
This will also be helpful at the design stage when
dealing with the cost-variance issues in sample
allocation. In general, one may have several frames
and different sampling designs (simple or complex) for
different frames; see Skinner and Rao (1996) for a
recent good review.

The pioneering work in the area of multiple frames
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i1s due to Hartley (1962, 1974). Later, important
contributions were made by Lund (1968), Fuller and
Burmeister (1972), Bankier (1986), Kalton and
Anderson (1986), Skinner (1991) and Skinner and Rao
(1996). In this article, we will consider for
convenience the case of only two frames A and B,
although the proposed method can be easily extended
to multiple frames. Let s,, s, be two independent
samples drawn respectively from A and B under
designs p_, and p .. Itis assumed that the impact of
possible duplicate units in the two samples is
negligible. Let N, , N, denote the population sizes and
n,,n, denote the corresponding sample sizes. We will
make the usual assumption that the population counts
N,,N, are known. In addition, population totals
(frame-specific or not) may be available in practice for
several auxiliary variables such as demographic and
geographic counting variables; the term frame-specific
signifies that the auxiliary information is separate for
frames A and B. Let domains ANB ¢, A “NB, and
ANB be denoted respectively by a, b, and ¢. Then, for
the study variable y, parameters of interest are the
population total 0 _, and mean p_, for each domain d.
Denoting by N_ the unknown population count of
domain ¢, the component parameters of the population
total of y for the combined frame are given by

0 =06

¥ va 6 0

ye

(1.1a)

vh "
= Ny =Ny, (Vg =N, +Nop, (L1b)
where
My, = BM/Na, Hyp = 6_\,b/Nb, M= 6)_C/NC ,
N =N,-N_, N, =N -N_.

AGR AGR : :
Let 8,8 denote the usual generalized regression
(GR) “estimates of 8, and O, respectively from

samples s, and s, as defined by Sirndal (1980). In.

particular, they will be simply ratio-adjusted Horvitz-
Thompson estimates when N,, Ny are the only
available auxiliary information. For the common (or

. . AGR AGR
overlapping) domain ¢, let GWA and ng denote the
two estimates from s, and s, respectively.

Now, a naive GR-estimator of B\_ can be defined as

AGR _ AGR . AGR _[AGR _AGR

67 =07 + % + (07% + 0% 2, (12)
where the component estimates are not combined
optimally. The methods proposed in the literature use,

however, some form of optimality considerations.
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They can be classified as either regression-based or
Horvitz-Thompson-based methods. The regression-
based methods approach the 6 -estimation problem
either though the linear parametrization (1.1a) in terms
of domain totals or through the nonlinear
parametrization (1.1b) in terms of domain means. In
the nonlinear case, the estimates are nonlinear
functions (e.g., ratio-cum-procuct) of usual regression
(i.e., GR) estimates. The methods of Hartley (H), and
Fuller-Burmeister (FB) use regression-based approach
via domain totals, and are applicable to complex
designs. For simple random samples, the methods of
Lund (L), and another one due to Fuller-Burmeister
(FB*) use the regression-based approach via domain
means. The recently developed method of Skinner-Rao
(SR) also uses this approach via domain means but is
applicable to complex designs. The Horvitz-
Thompson-based methods, on the other hand, approach
the 6 -estimation problem by visualizing the combined
sample s = 5, Us, as coming from a single frame, and
assign inclusion probabilities to units in the three
domains a, b, and ¢. Once this is done, usual
expansion methods can be applied for estimating 0.
The methods of Bankier (B) and Kalton-Anderson
(KA) fall into this category. In the presence of
auxiliary information, Bankier also suggests an
important modification of the above expansion
estimator, which takes the form of a GR-estimator
(such as raking) and is computed in a second stage.
In practice, it is desirable to have an expansion
form for any given estimator in terms of final sampling
weights. This is useful for producing estimates for all
study variables. From this perspective, it may be better
to use an alternative classification of existing methods
into combined or separate frame approaches. In the
combined frame approach, sampling weights for the
combined sample, s, are adjusted so that it can be
visualized as a single sample. These weights could be
further calibrated in light of the auxiliary information.
Finally, the expansion estimates are computed from the
calibrated weights in the usual way. The B-, KA-, and
SR-methods correspond to the combined frame
approach. The L- and FB*-methods can also be
classified in this category when the design is restricted
to simple random samples. On the other hand, methods
of H, and FB can be classified in the category of
separate frame approach in which sampling weights are
adjusted separately for each of the samples s, and s,
in light of the auxiliary information. This can be done
by suitably defining optimal regression for complex
designs along the lines of Rao (1994) - see also Section
4. Note that in computing expansion estimates for the



separate frame approach, the two estimates for the
common domain need to be averaged.

In the class of methods belonging to the combined
frame approach, the main limitation of B- and KA-
methods lies in their requirement of the knowledge of
inclusion probabilities under both designs for the units
in ¢ in each of the samples s, and s,, while that of the
SR-method is its restriction to only two frames. The L-
and FB*-methods of the above class are, however,
further restricted to simple random samples from two
frames. Moreover, for the above class, an additional
calibration stage is required for incorporating auxiliary
information. In contrast, the separate frame approach
is more flexible. It can be easily adapted to multiframe
problems and does not necessarily require a separate
stage for incorporating auxiliary information. The H-
and FB- methods do, however, implicitly use a two-
stage regression and not a single multiple regression on
all the auxiliary variables. In the first stage, GR-
estimates of domains are obtained from each sample
using the frame-specific auxiliary information and in

-the second stage, optimal regression is performed to
incorporate additional auxiliary predictors which are
constructed from estimates of the overlapping domain -
see section 4 for details. A better alternative would be
to perform optimal regression on all the predictors in
one stage. The resulting estimator will have good
conditional properties (cf., Valliant, 1993) in view of
better "balancing” of the samples. Unfortunately, this
is not practical because optimal regression may lead to
instability of estimates in the presence of several
auxiliary variables due to inadequate degrees of
freedom available for estimating covariance matrices
(see, e.g., Rao, 1994).

In view of the above limitations of H- and FB-
methods, a method using the separate frame approach
is proposed which employs some of the ideas
underlying FB- and SR-methods, provides
asymptotically design consistent estimates under
general conditions, and provides a GR-type alternative
to the optimal regression (i.e., optimal for simple
random samples but expected to be robust for complex
designs). The main differences between the proposed
method for multi-frames and the usual GR method for
single frames are that general predictors (in the form of
difference of two estimates) , and relative measures of
the inverse effective sample size are allowed. The
proposed method uses the modified regression (MR)
methodology of Singh (1994, 1996) which was
inspired by the contributions in survey statistics of
Fuller (1975) and Siarndal (1980) on regression
methods, and of Rao and Scott (1981) on pseudo-
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maximum likelihood estimation, and the contributions
in classical statistics by Liang and Zeger (1986) on
generalized estimating equations, and of Godambe and
Thompson (1989) on optimal estimating functions.
The MR-methodology, based on the idea of finite
population (semiparametric) modelling with working
covariance structure within the estimating function
framework, encompasses the GR-methodology of
Sarndal (1980) (see also Fuller, 1975), based on the
idea of superpopulation modelling within the model-
assisted framework. Section 2 provides a heuristic
motivation of the proposed method while Section 3
contains a detailed description. A comparison of the
proposed method with alternative methods is given in
Section 4. Empirical evaluation of various methods
based on a Monte Carlo study is presented in Section
5. Finally, Section 6 contains concluding remarks.

2. HEURISTIC MOTIVATION

First, suppose, the two frames A and B overlap
completely. In other words, we have two independent
samples from a single frame. Thus, the problem
reduces to the familiar problem of combining two
(approximately) unbiased and independent estimates
é&k and 6?: of the same parameter 6 _. Such
problems often arise in practice with rotating panel
surveys. The best linear combination is given by

vy 6‘?: (2.1a)

6)‘,cnn1h = (1 _'Y)GSZR
_Y(éGR _eGR

(éf/f +655 /2 -

(2.1b)

GR

“_B (2.1¢)

(6

chosen to minimize the variance and
Notice that equivalently, 9,

where v is
Yy =y-172.
obtained as

, can be
an optimal regression estimator by
regressing on the predictor OGR - 6?: ; the predictor,
being a difference of two unblased estimators of the
same parameter, is a parameter-free zero function, Le.,
Thus, 6_‘,’mmh
computed as a residual from an initial estimator (which
may be taken as one of égf, aok .g » Or the average of the
two) after regressing (or prolectmg) on the predictor
zero function. If the two estimates Q?AR and 6?; have

=1/2 and O will be

a function with zero expectation. is

same variance, then y
simply (8% + 85572,
As méntloned in the introduction, it is preferable to

v,comb



perform regression on all the predictors simultaneously,
i.e., amultiple regression on all the usual predictor zero
functions denoted bz 6 -8, (used in 6ck )
BfBT o5 (usedin G ), and the additional predictor,
GGR - 6¢ o8 K (or HT - GHT) due to overlapping frames.
Here X,,X, denote respectrvely the vector of auxiliary
variables spec1ﬁc to frames A and B (which are
1dentical for the present case) and HT signifies the
Horvitz-Thompson estimator. Now instead of optimal
regression, the MR-estimator, 6 , uses a suboptimal
regression under a working covanance matrix. This is
done under a finite population (semiparametric)
common mean model for the elementary estimates,
consrstmg of four types of estrmates of 6 (1)

6" =6 +e N2, (i) e (e’” - em) (iii)
é’,” + (efT 0,5).G1) 8" + 8 - 8. Inother
words, each predictor zero funcuon glves rise to a new
estimator of 8 by adding it to 6 the redictor is of
course assumed to be correlated wrth B‘ in order to be
useful. In the above model, elementary estimates can
be visualized as working sufficient statistics for 0 as
they represent a condensed form of raw survey data
before being modelled. When the designs p o and p g
are identical, MR can be defined i ina manner srmllar to
GR as follows; expressions for 6 R and 6\-3 are also
given for comparison purposes.

00 = 80 + (AT, X )X,T,X,) " x
/

(exA - X, PAIA) ’ (2.2a)

éfBR = é_\’j,’+ (YaTp X )X, X)) ! x
(exB - X/B Fgls)’ (2.2b)

6 = (O + 6% + 'TXH)X'Tx)!
0, -XT 1)]/2, (2.2¢)
where 6 Eker Vi Peas B\HBT :Ekes Yilgs Y4 =

vec(y,: k(-:sA) Yg= vec(yk kesB),h ~vec(h kes,)
h = vec(h,: kesg), T, =diag(h ), r, dzag(hB)
Gm, 0 , are auxiliary control totals, lA, 1,.1 are
vectors of is of d1mensrons nyng.and n(=n At hg)

respectlvely, =y’ Y 3) I'= block diag (", FB)
= (GXA, exB,O) and
X - XA:(XAO yA]
x,] \0 Xz ¥, 23)
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Note that the X and T" matrices for MR are simply
enlarged versions of the corresponding matrices for
GR. If the two designs p_, and p_, are different, then
one could use a relative measure of inverse effective
sample size (e.g., design effect as used by Skinner-Rao
for a chosen variable) to give differential weights to the
two matrices I',, ', used in the working covariance
structure for MR. Denoting by A,, A, the relative
measures of the inverse effective sample size for
designs p ., p_, , the working covariance matrix for the
case of different designs is modified by replacing I" by AT
defined as

AT -blockdiag(A, I',, A, T'}) 2.4)

Clearly A, = A, = 1 if the two designs are identical.
Also notice that the final cahbrated weights
w'{ *(w/A, /B)}, through which 9 can be

reBresented as an expansion estrmator (i.e.,
= y'w/2) except that estimates for the common
domam are averaged, can be obtained as
w=h+ATXX'ATX) "' (0, -

XT1), 2.5

where k' = (hi,, h/B). We remark that MR extends
GR in that it allows for general predictors (such as
difference of two estimates), and a relative measure of
the inverse effective sample size. Also since MR is
GR-type, it is optimal for simple random samples, and
is expected to be robust for complex designs.

Now, in the realistic situation where the two frames
overlap only partially, we get three domains a, b, c,
and the additional predictors for MR are generated
from two estimates for ¢ corresponding to several
study variables. ThlS does not pose any new problem
as the estimator 6 of (2.2c) can be easily modified
by redefining the par‘( of X corresponding to additional
predictors, as shown in the next section.

3. MR-MULTIFRAME: The Proposed Method

For simplicity, we present the proposed method for
two frames only. It is easily generalized to multiple
frames. From the samples in the common domam c,
we get additional predictors such as G\C A Gfgg
correspondmg to each selected y, and of course
NC;{T NC for the counting_ vanable The usual
predictors are 6 Hr -8, and 6 - 8, respectively
for the two frames In practrce one may also have
some predictors for the combined frame which can be

expressed as QZT + éir + (éf; + é:;)/Z -0, af



there are three frames, say, then the divisor will be 3
for the additional component involving three estimates
for the common domain.) The proposed method
combines above pieces of information (available in the
form of predxctors) w1th the domam estimates
97“7 ezr’ 6 oo and 6 5 to get 6 Note that the
proposed method also allows for usmg other correlated
study variables (z, say) in estimating total for y. In
practice, one could choose a set of key study variables
for use in producing a set of final weights w which, in
turn, can be used for all study variables. This gives rise
to the multivariate nature of MR-multiframe.

3.1 Descrlptlon of MR-multiframe

To define 6 R all we need is to modify the matxix X
in (2.5) appropnately to get w so that 6 Rcan be
represented as
éflR - éﬁR . éﬁk . éﬁR

/ / / /
SIS YWt YW o YW )2 (B
where
/ / / / / /
Y= Yo Yoo Y)W =W Weg Wi W) . (3.2)

Now, the matrix X is nx q where n = n, + ng,
and gq is the total number of predictors. The number g
is, in general, equal to ¢, + q, + g, + q, where g, is the
number of frame A-specific predictors, g, is the
number of frame B-specific predictors (these are the
usual predictors for GR), q is the number of
predictors for the combined frame, and ¢, is the
number of predictors chosen for the common domain
c¢. As in (2.3), the matrix X can be horizontally
partitioned into a n, x ¢ matrix X, and a nyx g
matrix X 5. These matrices are defined as follows in
four parts:

(i)  thefirst g, columns of the matrix X , Tepresent n n
observations on the usual predictors for frame A,

(i) the next g, columns are zeros because they
correspond to frame B predictors,

(iii) the next g, columns contain for each x for the
combined frame either x, or x, /2 depending on
whether k is in a or ¢, and finally

(iv) the last g, columns contain for each chosen

vanable y for the common domain either +y,
or O depending on whether k isin c¢ or not.
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The matrix X is similarly defined, the main
difference being in the last g, columns which contain
either -y, or 0 depending on whether k£ isin c¢ or
not. This completes the description of the proposed
method. Note that the control totals 8 corresponding
to predictors 6 6 for the common domain ¢
will be simply zeros Moreover for these selected y-
variables, we will have BMR = BMR = é’\ZR.

3.2 Variance Estimation for MR-multiframe
It can be shown that 6 is the solution of the

estimating equation G' r g = 0 where g is the
(g +1)-vector (6‘::[ ‘LZ (OHT 'c:} y2 -8,
1'TX-6,), T, is the (g+1)x(g+1) working
covariance matrix of g with first row as

(y'Ty, yT X) and the matrix of the last g rows as
(X'Ty, X'TX), and G is the (g +1) x 1 vector
(1, 0, , 0Y. Then the estimated asymptotic variance,
V( 6\, ) of 9 - 8, has the sandwich form,

V(6" - B'G'T,' V(g)T, G(B™')Y, (33)
where V(g) is a consistent estimate of the true
covariance matrix of g,and B = G’I‘;zl G whichisa
scalar in our case. Note that the vector g consists of
HT-estimators for various parameters, and therefore,
standard results in sampling can be used for estimating
its covariance matrix.

3.3 Asymptotic Properties of MR-multiframe

We assume that under the asymptotic setup of Isaki
and Fuller (1982) for a sequence of finite populations
and samples, as n,,n,, N,, Ny~ such that n,/ng,

N,/Ny tend to positive constants, the HT estimators in

vector g defined in Section 3.2 above are consistent
estimates and follow the multivariate central limit
theorem, i.e.,

n*N'(g -0)~,N, (0, V(g)n/N?).(3.4)

Suppose also that N ! F converges in probability
to a positive definite matnx where N = N, + N,.
Now using the delta method, it follows that BA,'IR is
asymptotically design consistent. Moreover, it is
asymptotically normal with mean 8 and variance
given by (3.3), which can then be used for constructing
confidence intervals.



4. ALTERNATIVE METHODS: REVIEW
AND COMPARISON

4.1 Separate Frame Approach

As mentioned in the introduction, regression-based
methods via domain totals, H and FB, like MR, fall in
this category. The H-estimator is given by

é_f_’ = é)ff + éf,f +(1-B) éfc’; B éfc’;, (4.1a)
or
6" =(60% + 857+ %) - p (i 6%%) (4.1b)

where [ is chosen to get an optimal regression
estimator.

The H-estimator first uses frame-specific auxiliary
information in obtaining GR (this is implicit in the
paper) for both samples s, and s, and then uses only
one additional predictor from c for the variable y. The
FB-estimator uses another predictor from ¢
corresponding to the counting variable. We thus have

A

67" =077+ 67+ (1-B,) 67
B e\ cB BZ ( NCCI;JR - Nc(/;lR) (4221)

_ (GGR . éGR

ya vb

B -B, (87 -6°%)

B, (NG -NGH . (42D)

where B, B, are chosen to get optimal regression.
Clearly, ﬁ_fB
information.

One can get a set of final weights for optimal
regression estimators for complex designs if estimates
of P-coefficients are obtained from the estimated
covariance matrix under the assumption of with
replacement selection of primary sampling units, as
shown by Rao (1994). This property carries over to the
present case of optimal regression for multiframes
provided that a set of key study variables are chosen in
advance for the additional predictors from ¢. This also
implies that the above regression-based methods can be
made multivariate in nature, i.e., information about
other correlated study variables (z) can be used for
estimating total for y. The only main limitation of
these methods, as mentioned in the introduction, is that
they, unlike MR, do not use all the auxiliary
information simultancously and thus the resulting
sampling weights may not be properly balanced. On
the other hand, optimal regression with all the

- . AH .
1S superior to 6‘_ as 1t uses more
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predictors simultaneously may lead to instability of
estimates.

4.2 Combined Frame Approach

As mentioned in the introduction, regression-based
methods via domain means, FB*, L, and SR, and
Horvitz-Thompson-based methods B, and KA fall in
this category.

4.2.1 Regression-based Methods
For the simple random sample case, the domain

~SRS  ~SRS

. SRS . .
mean estimates {i, ", fi,", and pf_f (which are simply

sample means y,,y,, and (n_,y_, +
cB )’
uncorrelated, conditional on domain sample sizes
Therefore,

n.gy.pn, with

n.=n_,+n are unbiased and mutually

I’la n,..n
@ %) and (N5 - K5) which are simply
(9es ~3.s) and [(NA/nA)nm (Ng/ngn_1, do not
provide any extra information in estimating domain
means. However, for estimating domain population
counts N, N,, and N_, the predictor (N SRS N SRS)
will be useful because it is correlated with Na 5
and N st, while the other predictor (ﬁffj ﬁ‘sg) Wlll
not be useful. Now, noting that Na N NC,
N = N B NC, for a regression-based estimate of 6‘_, it
is enough to find the optimal regression estimator of
N_as

the predictors
S SRS

N=aN>P +(1-a) N (4.3)
and then substitute the component estimates in the
nonlinear parametrization (1.1b). This was essentially
done by Fuller Burmeister to propose another
estimator, 6 " for the simple random sample case,
except that they used a maximum likelithood-type
argument to estimate N, via a blnomial-type
approximation to the joint distribution of N_, and N_,
as shown by Skmner (1991). Denoting thls estlmator
of N_by N (whlch is obtained as the smallest root
of a quadratlc equation, and turns out to be
asymptotically equivalent to N( under the normal
approximation to binomial), we have

FB* _ (N NML) ~ SRS (N N ) ASRS

N 4.4)

YML . SRS
c “C i

The L-estimator is also for sample random samples and
uses N instead of N “in estimating N_, but does not
use N to improve the other estlmators N and



~ SRS
N, ", resulting in a loss of efficiency compared to

FB*. The estimator 9 is given by

SRS SRS
N

A SRS SRS
ya N

» M

~SRS

o - s

L =N, 4.5)
The SR-estimator makes an important generalization of
the FB*-estimator to complex designs using the idea of
pseudo maximum likelihood (PML) estimation. It is
given by

—(N NPML)AGR+(N NPML)Q?:
+N MG (4.6)
where nGR = N BT N, O I N T

+Ag N NGBR ), l,;l, ).'l being relative measures of
effecuve sample sizes under the two designs p_, and

P and N is the smallest root of a quadratic
equation 51m11ar to the one for FB* but modified
suitably for complex designs see equation (5) of SR.
Note that the term A, N, 0% in p corresponds to

-1 asRs Al - SRS

thetermnNO (rncApCA)npc,ad
similarly for the term mvolvmg B. Notice also that 9
does not use all the predictors as the FB method for
complex designs does, because it attempts to modify
the FB* method for simple random samples to the case
of complex designs. Unlike MR, the main limitation of
the above regression-based methods under the
combined approach seems, as mentioned earlier, to be
their restriction to only two frames. However, all the
methods do have the desirable property of producing a
set of final weights for the combined sample which can
be used for any study variable. In the case of SR, this
is achieved by choosing A, A, to depend on a variable
other than y such as the counting variable for the
domain ¢. Further, these weights can be calibrated to
satisfy auxiliary controls corresponding to the usual
auxiliary information. However, information in the
additional predictors from the common domain is no
longer useful at this stage because these predictors
become identically zero.

4.2.2 Horvitz-Thompson-based Methods

If the duplicate sample units in s, and s, can be
identified, then in the B-method, a HT-estimator based
on distinct units is constructed for 6 by assigning
inclusion probabilities {7, } to units in the combined
sample as follows: denoting by 5,555 the three
parts of the sample s in domains q, b, ¢, we have
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T, =T, lfkesa;nkB if kesb;

W, v, -, , T if kes, (4.7a)

kA kA ""kB

and

AB i
0, =X, ..y,

¥

(4.7b)

where m ,, T, , are inclusion probabilities under
designs p_,,p p respectively, and s’ denotes the
combined sample after discarding the duplicate units.
Thus the B-estimator is unbiased by construction. It is
assumed that inclusion probabilities &, , and T, from
both designs are available for all £ in s_. This
assumption seems to be the main limitation of this
method. However, for many situations involving
simpler designs, this may not be a problem. Bankier
also allows for a second stage to incorporate the usual
auxiliary information by adjusting the basic weights
{ngl} of the combined sample via raking. However,
as in the case of SR, information in the additional
predictors cannot be used at this stage. The KA-
estimator, on the other hand, ignores the possibility of
duplicate sample units, and therefore, the product term
T, T 5 10 (4.72) 1s dropped. Consequently, it is only
an approximate HT-estimator under the assumption
that both m,, and w, , are small for units in the
common domain. The attractive feature of the KA-
method is that it is simple and unbiased. However, like
the B-method, KA also requires the knowledge of 7, ,

and 1, for k in 5,

5. EMPIRICAL RESULTS

Following Skinner and Rao (1996), we conducted
a simulation study to compare empincal MSE (denoted
as EMSE) of H, FB, KA, SR, GR and MR estimators.
For MR, three versions were considered: MR(i) where
A,lhg = 1,ie., the effective sample sizes are assumed
to be identical; MR(e) where A 4 /AB is estimated for
each sample data as in SR; and MR(g) where A, /A is
given in advance using past data. A two-stage
sampling with m  sample clusters and m, sample
elements from each sampled cluster in frame A (i.e.,
n, = m m,) and simple random sampling of n,
elements in frame B were employed.

The y-values for samples from frames A and B
were generated according to a superpopulation model
as in Skinner-Rao which approximates asymptotically
a two stage cluster sampling for frame A and a simple
random sampling for frame B for finite populations.



Thus, evaluation of estimators corresponds to the
infinite population case. For generating samples from
frame A, a beta distribution (with mean Y (1 -v,),
where Y, :Nu/N, Y, :Nh/N) was used to choose the
random proportion of units in the domain «a for each
cluster i, and then a binomial distribution given the
observed proportion to define the number of units in a.
Next the y-values using a nested error model (to
account for clustering) were generated separately for
domains a and c¢. The intracluster correlation (p ) was
assumed to be common for each of the two domains
while the across domain intracluster correlation was
assumed to be different and taken as pd. For
generating samples from frame B, binomial distribution
(with mean (y, /(1 ~Y,)) was used to define number of
units falling in the domain b, and then y-values were
generated using separate common mean models for
domains b and c.

We present results from a preliminary study where
the population counts for the two frames serve as the
only auxiliary control totals. For the MR(g) version,
the relative inverse effective sample sizes were taken
roughly as 3 to 1 based on some experimentation with
estimated design effects for the y-variable. A total of
5000 replications were performed for each selected set
of the design parameters. Table 1 shows empirical
MSE when the parameters for the simulation
experiment are set as(y,.Y,) = (.1,0), (.2,0), (.1,.1),
(2,.1), p,=9,p, =11,p,=10, o*=1,p=.1,8=.5,
m,,=m,=15, nA:225,nB:200.

It is seen from the evaluation results that the three
methods FB, SR, and MR perform quite similarly. The
two simple methods GR (under the separate frame
approach) and KA (under the combined frame
approach) perform well when y_ =y, , but poorly when
Y,?7Y,- They also show a marked deterioration for the
nested case, i.e., when y,=0. This may disappear if
the extra information about N_, which is now known,
is used to poststratify GR and KA.

Itis planned to enhance this study to include more
control totals and also to allow predictors from the
common domain based on other correlated study
variables.  This might produce some significant
differences in the performance of the three main
estimators.

6. CONCLUDING REMARKS

The existing methods for the dual frame estimation
problem can be classified under separate or combined
frame approaches depending upon the nature of final
calibrated weights. The methods of H and FB fall in
the former category while those of L, FB*, B, KA and
SR in the latter category. A method, termed MR-
multiframe, under the separate frame approach, was
proposed. Itis analogous to the familiar GR-estimator
for single frames except that it allows for general
predictors and incorporates a relative measure of the
inverse effective sample size (such as the design effect)
for each sample. The proposed method is expected to
provide a robust alternative to the methods based on
optimal regression such as those of H and FB. The
MR-method, being in the category of separate frame
approach, can be easily adapted to problems with
multi-frames as well as multivariate auxiliary
information, i.e., information about other correlated
variables (z) can also be added in estimating total for a
given variable y. Such flexibility is not shared by
methods using the combined frame approach. Note
that the auxiliary information can be either standard
(i.e., with known population totals which may be frame
specific such as known NA,NB, or not such as known
N) or nonstandard (such as the difference between
estimators of the same parameter). Finally, we remark
that although the MR method allows for several
predictors, there is a need in practice to choose a set of
good predictors in the interest of efficiency.

Table 1: EMSE ( x 100) of Estimators

SEPARATE COMBINED
Y, Y, H FB GR MR(1) MR(e) MR(g) KA SR
1 0 .88 .40 1.45 42 .38 37 1.44 .38
2 0 1.00 44 3.11 48 41 .39 3.45 41
N Nt 3.26 3.32 2.92 3.26 3.24 3.17 2.93 2.99
2 N 343 3.34 4.03 391 3.26 3.10 4.03 3.21
Note: MR(i): MR with identical design effects

MR(e): MR with estimated design effects
MR-(g): MR with given design effects
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